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Rorel -Canlelli Lemmas
Let (U7,P) be o PmLo.Ll *\‘j Space ond let (2, n31) be eveals.
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Seconcl Boref-Comle“i Le MMON
Let (CU,73.P) Le o PmLaL.ln}v Space ond et (E, n>1) be evenls. T/ nZ) P(En)= ©°

GJ\O\ (Gn,nll) e w\ul‘ua\\ln it\olq)emcle;ﬂ ‘”\Q‘/\ TP(En iuo) =|.
Well prove P(§E,i0})=0. Note: {E, iot=limal (Ex) = ) [1EL
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Delinition Let (274P) be o prob. spoce, let (G icT) be sub-o-felds of ",
Say (g €T) are mo'ePemoleb'hl f for any collecion (E.. € I) wilh E,cG, VieT,
(E. e I) are mu’rua”j .I\O\QP
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Theorem (A time-saving device fr proving independence of o fields.)
(et (ﬂ,%ﬂ)) Le o PmLaL]IT*:’ Space G»OA 'Q,"’ ?JQ C‘r&‘ L& W'Syﬁems.
I PCANB)=PAOP(R) for all AP, BeQ then o(P) ond (@) are ind e pendlent

Fix AeP, defline meosures g, Py on o(@Q) by wa(B)= PIA)P(R), P(B):= P(A°B).
Then Ma EPA on @ and MA(LD) fP(A)’l‘pA(ﬂ-), so /{AA‘-‘[PA by Dgnkin's Theorem.

Thos P(AnB) = PODPR) for all AeP, Be o(Q).
Next {ix Be(Q), deline meoasures Ve, Pg on o(P) by V(A = PA)P(R), BA)= P(AnB).

Then Vg = PB on /P , and Vg{ﬂ)’\?(B)f- lPB(.Q), so VB;‘PB Ly D&nkin‘s theorem.
Thus  P(ARB) = PCAOPB) for qll Ac s (P), Bea(@), v a(P) ard Q) are indep.
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The next theorem helps vs avoidl coing this on o cose-by-arse bosis. @
Theorem Let (R)ﬁ) and (S ,é) be measurable spoaces and Acd wih o(A)-4.
T¥ XR=S saksfes that X (AR fr all Aed then X is (R/4)- measurable.
Let B =§sed  x(S) ¢ RS. Sine A<, if we prove B sa o Ped Hen
LB 0o B=d ad ts X is (ﬂ/é}-measumlole.
Claim @ S a o {ed .
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@ TR (Enn2) digemt € dhon Y (UE)=UXENeR 0 VE €D [
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O (R3P) ps, X Q=R T §Xsri=x{l-oor))c P fral reR them X is a real rondom variable
(Becovse BURY= 0 (3=l reRY),)
@ TP RS ae bpokgial spaces andl X:R> S is continuovs then X is (B(R)/ B(S)- measvrable (= Borel ™)
PNO'{)’ Led /‘(=§UCS= X\'(U)C-@(IIZ)} Then /{ Condains q“ opex\sds n S, so 0'(4)= &(S).

@ I‘P)(-.Q->I\2 r.v. ond r >R s con‘km)ous '\‘\\en f(X) is ancther V.
(Becowse for UEBMRY, §P(X)€UF=3Xe L™ (V) € T since (L)< BIRY)



Last class

Fof‘ (RR>, (SA) mcasurable SPaQeS, G (ﬁ/»@} \MemSuque Mf‘\P 5 a Jz)nc‘ho./\
fR2S st ) eR i &l L

T RS are {Qru@;m\ spaces s R® = B(R), &= [B¢s) ‘H«vaffs called Borel
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then X is (@/@)*meo\sumb\e.
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Defindion Lot R*= Rus+ol, let B(R")= o( {opensels in 3V §(x.06],xe R§V §[-22,x), xe R })
An exdended real-yalued rondom variable is an ("&/ B(IR")) -measurable map, where (2.3, P) is &
P"OBOJoilhlg spoace.



If X: Q- R s an edended roandom varicble thesn §)(=oe§ = 'IQN $X=n] = AQN)(\((,\JWD

is an cvent s Lhewise, $X=~29F is an cvenl, 50 $X @ RE=(§)X= 00?0iX=-9%)" is an evedd,
So )( ]l'ixc-n{i 'S o rea rondowm voricble .
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Generated o - felds
Giver\ Measuraue SPch (S, 4.) av\d (0N Co"edio(\ (Y,‘ (‘GI) o‘r Fﬁs v, :]2 - S J {""s w:H\ Common oLM\ail\ ”2)
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NB For o single {7 X:R=S,  0(X)= IXT(S), Segf s olKicD = U o(XD),
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Iv\ole?evw’ence_ of rondom vaniables

['De(’ Given rardlom variables (X, (€ T) defined an & compmon P"Olm'oil'nlj spoce (27 [P) say
(X, i€¢T) are (W\URq“v) if\depende\/\* i for all JeT {’;,\.'{e) for any Bore| seds (le 1€J) in I]’Z}
[P()()G g', for all ) € J) FIg_ IP(X}‘E))

E‘]Uivqle\“(j, (X‘-)('cl') ore 'mc’ep. Al the senerqueo‘ o—-alge[-,ras (0‘()(‘-),{6]') anre ir\olepemo{en-L

Prop Given (X, ieI) real rvs on (214, P), (X, ieT) ore mu‘hq“& ndep &= \ J T Lale,
V(b 1€ R, P(X < bfir aljed) = Lpoge k).

Prool (X, i€ T) ace mabually indep.<=> (01X)), i€ T) an ndep <=> Y T<T Finite, (0°1X)), )¢ T) indep.
And P, “‘?5’8‘5“3,’?”8 has o=(P)= o (¥), so
(a(X),)€ T) indep. <= P(Qﬁ"’f“ﬂ\ N JC'T_ PO%<6) fr all (7,)€ T)e R, A

Corollany Let Ry= LA, =T c from corlienThen (R, 21) are independent
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