
Independence ④

Def : A probability space is a measure space (r,2 , D) with Phr) -- I .
Elements of 2 are called events ; elements of R are called elementary events .
Events E

, Ez are independent if PCE ,hey = IPCE ,) IPC Ez )

Events (Ei
,
ieI) are Cmutvaky) indep if for all JCI finite

,

IPC Ej) =
,
.fi/PCEj)K - wise indep. if for all JCI

,
151 Et ,

- . .

Exercise .

- Convince yourself that Is - wise indep . # mutual indep .

Example (one easy trick to model an infinite sequence of fair coin tosses )
D= Co, D; Tn = BC Lo , D) := BAR) Ico

, ,y .

P -- Lebesgue measure on GD .
Events :

t ' " (" t)
µ=¥¥g. (zig , iffy

Then CA i. i 31) are indep .
A NB Ai =3 x c- (o , D .

- the i'th
AE lo . ul's . # I n

-

bit in the binary
expansion of x is O}As = fat ) u ( 4,3g) u ( { is Ju (fats)

o
, - i

,

(
convention. no - strings of Os .



Borel -Cartelli Lemmas 200
Let CR

,2. IP) be a probability space and let l En ,

n > 1) be events .

We define lninsugp En i =

n? ↳n Em = { w : we En for a many n} = : { En i. o.}

Lining En .

-

= t.fm?nEm-- { wi w c-En for all but -finitely many n}

Example : him
,

An = {Ke fo. I ] .

-There are infinitely many "

O's in any binary expansion of x}
linzinfa An = {KE fo. D : x is a dyadic rational} = {x : x

-

- kg , some n> I , of Ks 2n}
Exercise digsp En)

'
= lining (Ei) NB linesup En , lininf En again in 2

First Borel -Cartelli Lemma

Let CR
.D. IP) be a probability space and let l En ,

n 31 ) be events in 2 .

If §
,

PCEn) so then PCE
n
i- o .) = O .

Proof fix E > o .

Then 3 no s.t.mn/PCEm) s e, so

PCE n i.a) ' Pln?n
.

Em) s IP ( U En) t In
.

PCEnke D
m Ino



Second Borel-Cartelli Lemma ④
Let CR

.2. IP) be a probability space and let l En ,

n > 1) be events .

If §
,

PlEnt A

and (En ,
n 3D are mutually independent then IP(En i:o) = I .

Proof well prove PCE En i.o.39=0 . Note :{ En i.o.}'s tinning (Eri) = ! Em
'

n 3 i m3 n

write pn .

- = PLEn)
.
Then for all n s. I and all N > n

,

Pl Ei ) 's PC Ei ) = IIftp.?.!ee..Ipl-EnPnIyo
so LH5=0 and thus N→ a

PC ! Ei) s & Pl Em
' ) = ⇐ 0=0 .

o

Definition Let (RT,
P) be a prob . space, let ( Gi. i.I) be sub-o-fields of 2.

Say (Gi, ic- I) are independent if for any collection ( Ei . i c- I) with Ei c-Gi Vie I,
( Ei

.

ie I) are mutually indep.

Exercises
Events ( E - i 31) mutually ind . ⇐ o-fields ( { 0. . r}

,
3D indep .

! If ( Ei
,

ie mutually ind and ( In
,
n si) partitions"

"

then ( Ei , i c- In) , n > Dare ind. o- fields.



Theorem (A time - saving device for proving independence of o- fields .
) ④

Let CR
.RIP) be a probability space and let P ,Q CR be IT- systems .

If PCA nB) =P(A) PCB) for all AEP, BEQ then OCP) and oCQ) are independent .

Proof

Fix AEP , define measuresMa , 1Pa on of by Mr.CB) .
-
= PCA) PCB) , BALBI PCA n B) .

Then MAEDA on Q
,

and MACC)-- PCA) - BAM, so MA -Pa by Dynkin 's Theorem .

Thus IP ( An B) = PCA ) PCB) for all A EP, BE OCQ) .

Next fix BEOCQ) , define measures DB
,
BB on OCP) by UBC A) .

-
= PCA) PCB) , IPBCAI BCA n B) .

Then VB = PB on P , and UBM - PCB) = PB(r), so VB- PB by Dynkin 's theorem .

Thus plan B) = IPCA)PCB) for all A C- OCP) , BEOCQ) , ie. OCP) andHQ) are indep .

Exercise If (Pi
,

i c- I) are it -systems c Z and V JCI finite , V events Ej c- Pj , j c- J,
IPC E;) = jatg ME;) , then CoCPi )

,
i c-I) are indep. o-algebras .



Random Variables ④
Def Given measurable spaces (R,R) and (SS), an (RIS) -measurable map is a

function X :Rss with X
- ' CU) ER for all UES .

A real - valued random variable is an ( LIBURD -measurable map X:D-SIR,
where X.2. IP) is a probability space .

Important notation { X c- U } : = X
- '

(ul
, so IPCXEU) means 1PM

-

YU)) - IP ({w :XCute U} )
Example Recall A * = .¥i£rz÷ . let Rk - In

. .
. RHH={It if ,
T indicator f' of set At

claim Rn. is a real - valued random variable on ( co , D . Bao , D), Lebeau)
proof Note { Re -- I } = At C- BIO , D

,
{ Rt.=o3= AE -- Con] -Ake B lo . D

[oil] if OEU
,
tell co , D= REB( lo, D)

So for all UE BCM ,
we have {RKEU} = { Ak if OEU, HU Air C- BC Co , D)

AE if OEU, 1#U AEE Bco. D
0 if CHU, 1- Ctu de BAD D

{R ,-1122=2} -- A,nAz= Co, 44]
what about Rita ? well , ¥,:p.. .la." son..eu, .fi?YaiIoIIiIIiYIu
So Rit Rz is a r-V. 0 if040,140,240



The next theorem helps us avoid doing this on a case-by-case basis . 240
Theorem Let (R

,
R) and (S. S) be measurable spaces and ACS with old =L .

If X .

-R-o S satisfies that X
- '

(A) c-R for all AEA then X is (RIS) -measurable .
Proof Let B .

-
= { SES : X

-'(s) E R} . Since AaB ,
if we prove B is a o- field then

S --oct) cB .
so B =L and thus X is (RIS) -measurable .

Claim B is a o- field .

P ① X
- '

Clo) =GER so OleB
.

② If EEB then EYE') = { XIE E } ⇒ reR : XCNEE } --X
-'

(E)ER so FEB
.

③ If (En ,
n 3D disjoint c- B then y

'

En) X
-

ten) e R so µ
,
En E B

.
D D

Examples
① (R

,
2

, IP) p.s. , X :D→ IR .

If { XEr} -- XTC-a, r)) E Z for all re IR then X is a real random Variable
.

(Because Bl 1121=0({C- -so, re IR3) .)
② If R

,
S are topological spaces and X : R-o S is continuous then X is (BCRYBCS)) - measurable E- Borel f

" )

: Let A- { Ucs : X
- '

CU) c- BCM}
.
Then A contains all open sets in S , so OCA ) = BCS) . B

③ If X :D→ IR r.v . and f : IR→ IR is continuous then f(X) is another riv.

(Because for U E BC IR) , { f-(x) EU} = {XE f
-'

(U)} c-2 since f
' '
CU) e Bl IR))



Last class

for CR . R), (S.I) measurable spaces, an (RIS ) -measurable map is a function

f .- R -05 st. f. ' (O ) ER for all UEL .

If R
,
S are topological spaces and R -- BCR) , I = BCS) thenf is called Borel

If Acs has olA) =L
,

and X : R → S has X
- '

( U) c- R for all U c-A
,

then X is CRIS) -measurable .



④Fix J finite
,
random variables Xj .-re IR for j C- J. We can view X 5- (Xj , je J) as a f

" Xg :RMR? ④
Claim : Xg is IBC IRS)) -means . (i.e. it is an RJ- valued rn)
Pr④ Forany (b;, jeJ) E IRI have { Xge ; tab;D; {Xjsbj } c- 2 ; and offsetstab;]:(b;, jeJ)

c- IRT) --BAE)
Oa

Exercise : Basic operations on random variables yield random variables
If (R

,
2) is a measurable space and X ,Y, (Xn , no, l) are (RIB(IRD -measurable maps, then so are

° 11×30
° axt BY (for a. be IR)
o X . Y

,
(NY ) . Itto

Moreover
,

*
° ¥ ,

*

Interpreting E - {I 3¥
KC O

• snip Xn, in? Xn,
° lningsypxn, linninfxn
are all extended real -valued random variables

.

Definition Let IR*= IRus ±a}
,
let BC112*1=0( {open sets in 11230 { ( x.a] , see IR} u { C-a.x), see IR })

An extended real - valued random variable is an (2/81112*1) -measurable map, where CR.2. P) is a -

probability space .



If X : r→R* is an extended random variable then { X =-3 = few { X> n} = fewFkn ,a]) 260
is an event ; likewise

,
D= -a} is an event , so {Xf IR} = = -3001=-93)

'

is an event
,

so X 1stEIR} is a real random variable .
The exercise gives, for example, that with

Rk = IA ,. ,
Sn = FEI RA SulKI = f# zeros in first n bits of x}

Wehave hinging sin is a r.v. , lnizgup Sng is a riv .

Proposition If ( Xn
,
n 31) is a seq . of r.v. s on pus. (R,J ,

IP) then

E-= {hiya Xn exists } = { we r: hiya Xncw) exists} is an event ( is in 2) .

Proof By homework ex . I : = lninsaup Xn is an x.rn .
, I = hinging Tn is an x.nu.

So
E, i = { his Xn =-3 = {f =-3 n { I - a} is an event
E-• = { hiya Xn = --3 = { I = - -3nEI= - a } is an event

Also
, Ebd = { Xn is a bdd seq}

= { I <A } n {I > - -3 is an event
so Ef

,
-

n
= { In make exists and is finite} = Ebd n meh,n {E-Is this is an event o



Generated o- fields ④
Given measurable space (SL) and a collection (Yi, i c- I) of f's Yi .- R → S of f 's with common domain R ,
define olxi.ieI) :=oi¥f Csl

, Sas}) = A Z .

Zao-field over R
Vici

, Xi is CHS)- measurable

This is called the o- field generated by (Xi , is-I) .
NB for a single fn X .- Ress, o(X ) = EX

- '( S); Sef } so Oki , if It =o(¥±oCXi)) .
Proposition If -1cL and Ott) =L then o(Xi , IEI) = of Ex

- 'CS)
, sat } )

Proof 3 Obvious E for any fixed IEI, RHS o off
- '

CSI
,
SEA) --Ohki) so

RHS o Oki) so RHS o of
,

ocxi) ) = LHS .



Independence of random variables ④
Deff Given random variables ( Xi, iEI) defined on a common probability space (r. F. IP) say

( Xi
,

i c- It are (mutually) independent if for all JCI finite
( XjEB; for all je J) =

,

pcx; c.B;)
'
for any Borel sets ( Bj, jest in IR,

Equivalently , (Xi , i c- I) are indep . iff the generated o- algebras (OCXi ) , i c- I) are independent.

Prop Given (Xi, if I) real r-us on crit , IP), (Xi, if I) are mutually indep.⇐ V JST finite
,

t (b ; , jeJ) EIRE PlXjebj for all jeJ) = jhfgpcxj
' b;) .

Proof i (Xi, if I) are mutually indep.⇐o (OCXi ) , i c- I) are indep <⇒ V JCI finite, Colt;) , je J) indep.

And Pj { { Xjsr} , re 1123 has OCP; ) - off;) , so
(ocxj), je J) indep.to/Pj?gEXjErjD--jfIlP(XjErj) for all Crj , je JK RJ. 0

Corollary Let Rie -- 1-11µF 1¥ from earlier . Then (Ra
,
k 31) are independent.

Proof For ne IN, b. . . . .. bn c- IR , lP(Reeb,. . is ten) -- I
#""""3.(t)

#"" b""" "! O#
"" """

=

,
pep, b.go


