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Dedline /Mf‘_&,ﬁ [e,02) by m(B) = B Then (57, '_a",/u) IS o meaASUrR Space
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Carathéodoru Extension Thearem Let (2, A, 1) be o pre-measure
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[Four nales oxLau‘i los-} closs @CXWMPIQS bf syde,w\s ‘ J
@ In qu“«:zsﬁ 4(’ D\ajnkm‘s TI"QO"QW\ we shald assume ““J —gzé?

of QTUNO‘@N\J ‘“l\oj /M(ﬂ) ‘/{AZ(Q)

®D—e-p Guen o meosurable Spoace (—Q')(d”)) A measyre M an s
~Pinle € Hhareesist sdls (@) WD S 2,12 and
/“(‘Q"\)“x’ far all n.

o Piateness slmulo\ alse appee in the h:jp a\P ankiA\sTl\eoreAA

Tn el cose, & MUE) < MaCE) avdd (F)= g F), and E<F Jhen
qobu-\v\ty o‘r/A\ )
MUFNE) = lim (VB0 20) -lm (M (P —m(Enc2.)

«s%u'\f\()i n-—

:“!;M” (/Az Fnﬂn) —‘/{A1(E Q_Qn))

wdditivity sf/‘k‘ Liv o ((FEIN QL)) = My (FVE )

® Recall : B(RY= 0(SUC R U apent) = o(AR)) s alled the Borel sce o 1.
Likewise @('RA) d‘(?Ucﬂzd L spens).



Key example - Cumulative distribution L5 /g,t;dJrjts funchions. Foo= IM F(t_j) @
Del < A Shetyes oaction  is o AN F:RSR whick is non-eﬁecrtoxsug ow/l f‘lgH-co/HinUéUs
Tt isa CDF P Fe-==lim  Feo= 0 amdk Fleo):=lin, Foo =
Prop: Let F be o dist foadion, and ld At/((nz)‘: ?(q,,L,]uw-u(Qk]Lk]) ke,
Define /"‘t/"F by /“(lg (a,b;] )= \_;é"l:(loi)_ F@a). oo < q b€ o€ br<ed §,
Then M is oo pre-meosore on ning A .
We Pro\&Jrl«'.s Cor e specu'a\ case thad Fox)=x (ie. for Lebesgue measure)

Gev\eml COSR 7 SamR pmoc, Mar< Nsh-fior\ (in ng S’)

—ke O‘e‘p a'\ijnon ww\lces Sense.
Suppose U (q L] U (c d: ], Wk&ri La“\ S\des arQ o‘»%\)mf\l unions.

Then for ce L], e m, et S ublnd]. T §40 wele S =04,y
Then Zl(b -a;) -iZ(r 1) = i(d -c;)

C N J-—l

o o\ep. mokes sense
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Mo N{‘ai"}ve.
f [ (k:)‘ (G;J‘o;]] n [Q {CL,Oli]] :d) then

M (C) (a,b;JU Q (cé,ol-,]> = AZ’ (b;-a;) + é (di-¢) = m (Q (%Li])*/"‘(g (C,;,oh])
Se M is addfive .

/14 is a pre-measure.

(We must shew: if L= (;J’ (a.b]) = L? (c.,d:], where beth are J{s\joM unions,
then M(L)=é(5;-05 = %(d;—ca).

‘ul =\

M) > %d;-q Forall m, [2 Q(C.‘,J;] so mll) %(p (c;d;]) =§(d(-c5
Thus (L) 2 §(d;-ci),

M) € %d;—ci, Suppese for o confradiction thal m(l) = %(d.‘-C;) + 2g, some £50

Well show the hao sides werent equal fhrall. For m2o write AL= L [Q (c.di 7.



Then Au= Q@b 0 (cd1€ A and B> Boyy > ---
L

coith AM\I/O ns m o3

Q(CUJLJ >

Also, m(Awm) A,
= (L O (cdid) D

< L)~ m( O di]) = L) - 2 (@i-¢) > 25

Chose Dm€ A with Bucdm s m(An~Du) < 55
For xe Am, ¥ T 4. x¢D; thea xe A;\D;

\ -

Note thod An= OD U(A D)cm) U(A D)),
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<So m o neto mc Jfﬂ

(B (D D0 D) (4:3D))
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< | Z p 3/ 2

</4,4(nD)+8



Also, m(AW)> 22, o /A([j\b‘.)"i.
TL\US Fl]j( +¢ \qu- all M, So -erL 443 Bu* 65‘ < i(j\ (AN :(b, a cor\Jrf‘o\otclliof\.
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Theorem: Let F be « S‘L’QHJQS ﬁmc‘Hof\ . Then .H,\QPQ exists
o UAQUR meosure A on G'(A(m\) sd. /A(O\.LJ‘— F)-Fla) forall -o<acL<oo,

‘p,ﬁ' . Existenace.

ga the PPOPQSHW\, Yhere exisls o pre—measure A on A(R) with Ahis propenty .
B:o C,)(T)/{/\ eX“'QV\OlS "o A MRASUMNE. g vC(A(rR)\ 95‘(){("2)),

Uy\ ((1UQ,V\,€SS

SUPPQSQ /‘A.)/’\’L AR as N ‘H\Q‘TL\QOPEM 540\43\/./\6\/&.
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Then P is <« 77-5351[@» with G'(’PBZG-(X('R))) Se '9‘/ D&ﬂ '(i/\\S "HAEMQW\/A.E/A?
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there  exisls O\S‘lieHJQs PN F s ME=



