
1. Measure Theory ⑦
Def : fix a set R and a set A of subsets of 52 with Et

t is a ring if a) If E FEA then Eu FEA , a) E F

b) If E. FEA then f ' EE A

A- is a Ti- system if c)If E FEA then En FEA b) E F

A is a field if it is a ring and also
b's If EE A then E' EA C ) E F

Exercise fields are T- systems .

A is a o- field
.
if it is a field and also

a
' ) For any seq .

(Ann> 1) of elements of A
,

An EA
.

Def : For any set A of subsets of 52
,
the o-field generated by A is

OCA) : = A 2
{BoA .

- 2 a o-field}
°



The definition in pictures ②

a) E F
E-OF

⇐
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) .

- = n a
{Trot : Jo - field} n Additive .

Pre-

mgeasyeuon ring
A : ①MCM i ¢!! TELMA

② I An.nu) diss. e'Hs of A, A-net then §,MHnt=MnY.tn/cEn,nsDdisjqulUEnI=nEMEn



Building measures ③

Def Fix a ring A over S2 .
A pre - measure on A is a

functionµ if → co, -7 with µ Clo)
-
- o et .

for any seq .
(Ann> 1) of disjoint elements of A,

if An EA then MC An) = ⇐MIA n)
we then say (R,

A
,µ) is a pre-measure space .

Caratheodory Extension Theorem Let (R ,
A.m) be a pre-measure

space .Then there exists a o- field N containing A set
.µ extends

to a measure on T
.

Dynkin's Theorem : Let (r ,2) be a set with a o- field on it,
and let PCL be a it - system with OCP) =L

.

If µ ,ma are
measures on 2 and µ , ( EHMKE ) for all EEP then µ , Mz .



Aside

It seems to me that the following should be true .

Let CBP ) be a set with a T - system on it .
Let µ :P→ Co , a) best . MC -

-o and if
=

( Pn
,
ns.i) are disjoint elements of Pst . µ, Pr E Q c-P

=

then ⇐McPn)#Q)

(Note : If Q E Pn then Q Qnp!
Then there exists a measure on OCP) extending µ .



Exempted ④

• D= IR
,
A = Finite unions of intervals Ca, b] = { (ai

,
bio - - - u @t.ba.] ,

(CDF : Ecb) - Fda) = pl XE la , b]) Mda , by)
a" -- ' air, bi . - - -, bk EIR}

A is an algebra ; want to know that Ff determines dist . of X .

• D= {0,13N = { ( xi , i 31) i Xi C- so, B V i} .

A -- cylinder sets . Cylinder set : for SUN finite and g- =L yi, IES) ,

Cgi- { IER : sci
-

- yi tf IES} .

For cylinder set Cg setµ (Cg) - (t)
's! ( " I ID Fair coins")

should be able to extend µ to a p.m .
on Cr

, OCA)) ; µ
models ' '

an a sequence of fair coin
tosses!



Carathsodorypoof Idea : Approximate from above .
⑤

Let (r.A ,µ) be a pre-measurable space rise . (An , n 3D covers B .

For Bar let
-

µ
* CB) : = inf⇐ Mtn) : Anc-A

,
ns.t ; An -B ) .

Prof im* is an outer measure i

µ
'
i 252 → Co, a] satisfies

isn't 01=0 ;
fire . u* is subadditive .

ii ) Ecf⇒µ ( E ) SNCF) ; -

Iii ) if (Ei
,
i > l) are subsets of 52 then µ ( Ei) e €,

NtlEi)
.

Def : Given an outer measure µ* on SL
, say A is µ* - additive if

for all Bar
, sitB) =µ* ( An B) tutti B )

Caratheodory Lenya Let F :=3 Acr : A is µ* - additive}

Define µ .

-F lo, a] by µ (B) =M* (B) . Then (R,Qu) is a measure space
( i.e. Jr is a o -algebra over R and µ is a measure on F) .



Proof of Prop ⑥

H If BEA then MTB) EMC B) since (B, 0,01 , - -7 covers B .

In particular gild) Eu Ho so u'T
'-0 .

Iii) If Ecf then any cover of F is a cover of E so

Mt ( F) is an inf over a smaller set so MTF)#LE )
,

Ciii ) "Dyadic trick! Given (Ei , i 31 ) subsets of R . Write E = Ei
we prove : f eso, MOLE ) s (§,M4EiDt e .

Fix s so
, then for all is. I fix a cover (Ani

,

n > 1) of Ei
se . €,
Mtn ) EMMETT # .

Then (Ani
,
n, is, i) covers E so

u
* CE ) E §⇒µcAni ) ± €, #( Ei) -1¥) - (⇐u'TEilts O



Proofofcanatheodory Leming ⑦

Step I .- prove y is a o- field steps : Prove µ is a measure any
.

Steps .- *Tobu .

closed under complements (def is invariant to Att)
* Closure under A trickier

. fix A. AIR and any BCR .

ji Wn'*hB n.BG?BiuBzoBx according to
Then A

, ER

MM BI IN'4BnA , ) M
-

CBN Ai )
AceZ - = UMB ,)tMKBD+M*(Bo) -194134 so Antz

Also µKBiB ,D= NMB , ) 1-M'TBo) +McBee) EB .

So MY B) = NMB ' Br) +MTB , z
) =MY BHAMA .)YtM4BnAMAz))



*Countable U i fix disjoint sets CA . . ns.i) in 2 , let A An ⑧

Fix Be Y . Since Md is an outer measure, it is subadditive so

MCA) E µ CANBI th(A
' nB ) ; need to prove "

3
"

.

"cut A into pieces
" with Ai , then Aa

,
etc . Disjointness plus

the fact that all Ai C- A gives
MTB) -y' CA, n B) +MEAN B) t -- in4AMBITMTBN , Ai)

B ' Ai
' →

>pic an B) t - - - tukAnnB) + MY Ai B)
A

313nA
'

Take a limit in n to get

MLB) 3 EMMAinB) t MTA
'
n B)

± MC AID BANTA'n B) -M(AnB) +MCA' NB ) , so At R .



We also just proved that if (Ann> 1) disjoint sets in A ④

then
MMA ) if MCAinAl tukAHA)

-
- €

,

MYAi )
•
no(A) = EMMA: ) , i.e . M restricts to a measure on F .

#

Proof of Caratheodory X Theorem Let µ be the outer measure as above
.

step : If AEA then µ9AI=MH) step i Ae 2
( so M

's extends u ) ( so 2 extends A ) .

Steps , r we know MMA
) 'MCA )

,
want rev . ineq .

Let (Ai , l >D be a Lover of A .

For ns.i let Bn= An'CAN - - - uAnd

Then (Bi , i 31) is a disjoint cover of A ( ⇐ ti = Bi tn )
,

⑤in A) = A so

MH) - if
,
MBinA) E EEN Bi ) s may .

T.afrqifofgvgauostti.is)
MIAHMMA) o



Step : Need to show if AEA then A is ut - additive .
- O ④

BED
, µ4BI=µ4AnB)tµ4AcnB) .

" E
"

easy (subadditivity)
"3 " fix so

,
fix a cover (An

,
ma) of B with elements of A

s 't ' ⇐plan) -'MKBlts .

Then (Anan
,
nsa ) covers ANB and (than ,nH) covers AMB ,

"

n4AnB)tn4AnB) E ⇐MEANAn) -1€
,

MTA' nan)

= €
,

MEANAn)tn4AnAn7

But so arbitrary so
= ⇐PLAN) ' MMB) te .

u4AnB)tn4AnB) sumB) te .

o



Last class :

Caratheodory Extension Theorem Let (R ,
A.m) be a pre-measure

space .Then there exists a o- field N containing A set
.µ extends

to a measure on 7

The field F was the sets E sit
. Mtf) = µ

*CE nF) -1M$ (Ecr F) for all far .

If A = A( IR) := { (oh, bDu - - - u can bid , KEIN , - a < a , sb , E - - - eats bird - }

then 7 is called the Lebesgue measurable sets of IR ; denote this by LC IR) .
NB : L ( IR) is not the smallest o-field . containing A . The smallest is OCACIR)) = BAR), the
Borel o- field over IR

.
In fact , L ( IR) is the completion of B(IR) .

This class :

①Dynkin's Theorem : Let (r ,2) be a set with a o- field on it,
and let PCL be a it - system with OCP) =L

.

If Mi ,Ma are
measures on 2 and µ , ( EHMKE ) for all EEP then µ , Mz .

②Stieltjes Measures



One more definition : Exercises ④
A set Ac 2h is a X - system overA ①A a o-field overR⇒A a 7- system over

r
if REA and ② f Act is -

a it - system and a
• E. Fet, Eef⇒ F' EEA

I
she?! tan fielders

• EnEA , n > I with Ent Ea ⇒ Each
③
then

,
no. is a 7- system over r.

Dynkin's it - system lemma Let P be a t - system over

r.gl?enygpyg[OCP) :=] {a za ?¥d,
= safh.ae?usggtqn3 -

Proof .

- TCP) so(P)
ovens

By ③, o- fields are X-systems, so RHS is an h of a larger collection of sets .
OCP) EXP) Weill show XP) is a it -system .

Exercise② then implies
XP) is a o - field , so ocp) = A

No-field
N E TCP)



Remains to prove XP) is a it -system ④
Proof Must prove : E n f C- TCP) for all E. FEI ( P )

• say EE XP) is cooperative if Erp EXP) for all PEP.

• Say EE XP) is helpful if Erf EVP) for all FEXCP) .

If we show all elements of ICP) are helpful then we are done .

.

Which sets are cooperative ? . r is cooperative Rnp=P CP) for all pep.

• If EEP then Enp EP for all PEP so E is cooperative
All eHs of P cooperative

° If E
,
F coop .

then HP EP, Enp c- TCP) and fnpe xp,
XP) ah-system
r

If also ECF then Enpcfnp, so (fi E) n p = f- np) YE n p) C- TCP )

If E. F coop . and Ecf then FIE coop .



• If (En
,
n 31 ) increasing , Ent Ea , all En cooperative, then ⑤

for all PEP
, EnnPE TCP) , and EnnP T Earp so EaEP

.

If Ent Ea , all En Coop . then Ea Coop

we have showed that { Cooperative sets} is a 7-system containing P ; so all sets inXP) cooperative.
Which sets are helpful ? . R is helpful rn F = f- EXP) for all FEDCP) .
• If EEP then for all EETCP)

,
E cooperative so En FET (P) ; so E helpful .

All eHs of P are helpful
° If E. F helpful then U GET(P) , En G c-XP) and FnGe xp,

XP) at-system
r

If also ECF then Er Gc FNG , so (Fi E) n G = f-NG ) yen G) C- TCP )

If E. F helpful and Ecf then HE helpful
• Likewise

,

if (En
,
ns.t ) are helpful and Ent Ea then Ea helpful .

So { helpful sets} is a 7-system containing P ; so all sets inXP) are helpful . So we are done .



Dynkin's Theorem : Let (r,
2) be a set with a o- field on it, ④

and let PCR be a it - system with OCP) -- T
.

If µ ,,µz are
measures on 2 and µ, (EHMKE ) for all EEP then µ , Mz .

Proof of Dynkin 's Thm

Let A = { FOR incl F) =MzCF ) } .

Then
° Pc A by def.

• If E
,
FEA , ECF then Uffie) -M , (F) -Mi CE)

=MzCF) -Mz(E) =µz (
FIE)

so µ , (FIE) =MzCFlE) . If E, f- c-A ,
Ecf then FLEE A

• If ENEA , ns.t and Ent Ea then Mika)=LdµlEnI=n¥dMdEnI=MzEd
If ENEA , ns.t Ent Ea then Ea c- A

Thus A is a 1- system containing P , so A ? OCP)
, so µ , Mz O



Fournotesabovtl-astcas.se ⑤ Examples of it - systems {Open sets}:{ Intends}; {Boxes}
① In hypothesis of Dynkin's Theorem we should assume that REP,

or equivalently that mile) fade)
② Def : Given a measurable space CSL , Tn ), a measure µon L is

a-finite if there exist sets (rn , ns.t) in Tn sf . rn fr and
uCrn)on for all n

.

o- finiteness should also appear in the hyp . of Dynkin 's Theorem

In that case, if M , CE ) =µzCE) and µ , (f) 'half) , and ECF, then

r additivity ofMi-
Mil FIE) = Lima MikiEt n rn)) = hiya (Fnrn) -MilEnrn))

assumption-=L;], fµz( Friern) -µzCEarn))
additivity off

, hey, µ,( (FiE) n rn )) =M2 (F' E )

③ Record : B ( IR)⇐ o({Uc Ri U open}) = o(ACIR)) is called the Borel sets of IR
.

Likewise BCRd) : = of {UcRd : U open } ) .



key example : Cumulative distribution f's (Stieltjes functions . Fcxiifijyfcy) . ④
Def : A Stieltjes function is a Fn f : IR -0112 which is non-decreasing andTight - continuous
It is a CDF if FL-A Ey

,

FGC) = O and FCA) : - LIE FGs = I

Prep : Let F be a dist. function , and let A-ACIR) { Ca, ,bDu - - - u can bid , KEIN ,

Define M
-
-Mf by Mi Cai,bi ] ) -- Et Fcb; )- Fca;) . - a - 9 ibis - - - eats birds } .

Then M is a pre- measure on ring A .

Prost : We prove this for the special case that FCK) soc (i.e .
for Lebesgue measure)

General case .
-

same proof, more notation ( in notes ! ) .

Steph : The definition makes sense .

Suppose Cai, bi] = Cc;D ;] , where both sides are disjoint unions.
Then for i c- In]

, je Em], let s = Cai, biTn (g;D;] . If Sij to write Sij = (lij , ri;]

Then E. ( bi -ai) = E. E. ( ri; - lij ) = Ep (dj - c ;)
So def . makes sense



④
Step µ is additive

.

If I Cai
, bi ] ) n f Ki ,dip -- do then

M ( Cai
, bi ] u Ki ,dit ) = E. (bi -ai) t.ECdi - Ci) -Mf Cai

, bi ]) -1Mt Ki .did )

So µ is additive .

Steps : µ is a pre- measure .

We must show : if Li = Cai. bi] - II
,

Cci, d ;] , where both are disjoint unions,
then µC4=€fbi -at = EE, Cdi -Ci) .
UCL) > E.di-Ci. For all m, LZ (Ci

,
di] so µ CL) 3Mt Cci , di] ) = E.(di - Ci)

Thus MLL) ? Eg (di - Ci) .
UCL) E E.di-Ci. Suppose for a contradiction that MCL) = E.(di -Ci) t 2e , some ESO.
Well show the two sides weren't equal after all . For m >o write On = Li ( ci , di ] .



Then Dm= Carbin Cci . di ] C-A and Dm - Dmt , o - - -
④

with Dm to as m →a
.

L---

Kirti] → - -
Also

, µ( Dm) Dm-- -
-

=µ( L' (Gidi ] ) Dm- - - -

-

- MCL) -ul Ki ,diI) -MCL) - Eicdi - Ci ) ? 2e .
Choose Dmc- A with Imc Dm st . µ(Dm Dm) ← Em .

f-or see Dm , if Fist . KADI
then KE DilDi

Note that Dmt 77
,
Div (Dm'D E Div (Didi)

,

so monotonicity
m

MCDM) 'sMcn Div (Didi))
c-=L

subadditivity
'sµ(Di) -i€µ( Di -Di) E E

,

< E
-

Mini Di) +et



Also
, MCD m) 3 2e , so Min Di) s. E . ④

= I

Thus II D-it 0 for all m, so 77 Di et lo .
But III. E II Dm = to , a contradiction .

D

Theorem : Let F be a Stieltjes function . Then there exists
a unique measure µ on o(ALR)) sit . Mla. b) = f-Cbl - Fca) for all - as a ebe -

.

Proof :
Existence

By the proposition , there exists a pre-measureµ on ACIR) with this property .

By CXT ,µ extends to a measure on LCA ( IR)) > of ACIR)) ,

Uniqueness

suppose µ ,ha are as in theTheorem statement .
Let P = { Ca

,
b] i - a -as be a } .

Then P is a o- system with o CP) =off( IR)) , so by Dynkinis theoremMEM? o
tierce If µ is a o -finite measure on ( IR

,
BOR)) then

there exists a Stieltjes f n Fst . MF =M .


