
Measure and Integration .

⑨
Let (R

, Fgm) be a o -finite measure space .

(Throughout, unless otherwise specified .)

Our aim is to define Sf dµ=ffcxsµCdxl=µ tf) for as rich a class of functions
fir→ IR as possible . (Basically everything below also works for fire unless "x -a" shows up!
Definition Say f : SHIR is a simple function if for some ne IN there are sets

Ei
. . . . .
En c-2 and constants a. . . .. Cne IR s.t. f -- c, HE

,
t - - - t CnThen .

For such f
, we define ffdmi-E.ciµ CEi )

( IE (wtf " we EO
,
otherwise

Exercise : If f is simple then in fact there are disjoint sets Di . . . ..De c-2 and constants
b
. . . . ..be C- IR such that f- ¥

,
bi IDC. .

(Proof : for Sc Cn) set bs-ifsci.DE?sEiniehnasEi )

Exercise If E.Ci - I Ee. = j€ dj Ifj for some Fi . . . ..fmEL and di. . . . . dmEIR then
E.CineEi ) = E. diMCF) .

( so the definition makes sense.)
Definition For EEF

, say E occurs n
-almost everywhere (orµ-a.e.) if MCE9=0 .



Proposition (Basic properties) Let f. g .

- r-0112 be simple . ④
① If f >o µ - a.e. then ffdµ >o
② If aEIR then faftg du -- affdeetfgdu .

Proof ① write f - €
,
Cide

,
with Ei . -→ En disjoint. If some G-so then since

f so µ -a.e . we must have µ (Eiko . Thus ffdµ=€,ociµlEi) 30 .

② Write g= Eh, dj Iq.
.
Then aftg cite it Eh, dj Ifj .

so faftgdm-E.ciMED + ¥,

djµCFj) = affdutfgdu ' D

corollary If f. g simple and fsg a.e . then Sf du Efg du .

Proof Here g - fi O a.e. , so of f g - f du -- Sg du- ffdµ . 0

Definition Let fir→ IR be non - negative and (TIBUR)) -measurable. Then define

Sf du =sg¥?gp ,efg du . We call a simple function gsfa Lebesgue approximation off.



Remarks ④
① If f is simple then for gef simple, f g du Eff du so ggsug.li?gp,ef9dM=Sfdu
② The definition of ffdµ is a "horizontal " definition via lower approximation,
whereas Riemann integration uses a " vertical " approximation .

rumor YALAfi
+
f
z t fz

fmwwY±MxiiitHdikes n
dzIf2

Alternately, one may say that the Riemann approximation decomposes the domain :
the Lebesgue approx. decomposes the range .

Finally , let f-rt IR be CNBCRH - measurable and write ft-- maxCf, o), f I- minCfo) .

Definition If either ff -duc- or f ft du sa then we define ffdµ : = fftdu - ff -du .
Exercise If f so then f

-

=o so ff -= o so this definition agrees with above one .



Not If (D.Dm) -- ( IR , BUR) , Leb) we generally write ffcxidx = f f Lebldx) . ④

If (r,F. IP) is a p.s. , fir→ IR a r.v., we generally write Elf ] -- ffdp .

Basicf ( All f 's below CLIBURN -measurable
.

Monotonicity If feg a.e. and Sf du and Jg du are defined then f f du Efg du
Yoon trgneence If fn>o and oefnif a.e. then ffndn Tff dm (midterm : what if ffot. Sf. - s - a?]theorem

tixnpeeafiatffoonf For fig 30 and ae IR, Saf +g dm = aff dµ + fg dµ .

'
(Beppo Levi 'sThm? Billingsley

First do f>o, and assume "everywhere
" rather than "

are.

"

proofs Monotonicity here gt > ft and g
-

E f
-

so Sgt du - Sg - du s. fftdµ -f f -def
Monotone
convergence for each n we have free f so ffndµ Eff da; thus dig ffndµ Effda .theorem

To prove the converse, fix any simple function g = €
,

g. He, with oegef Cci so, Ei disjoint)
case 1 : µ (Ei) = A , some i

Then Sfdu =- . For n? I write Ei
, n
-
- Ein { for> Ci123 = {WE Ei i fncw) 34123

.

Then Ein T Ei so µ Ei.nl THE i) so linnjnafffn 3 lnininff IE i. n -- lining ME;D ' EM if



Case 2 : MCE ;) e- for all i fix e
>o
,
let des El EE CinEi), and repeat the same idea . ④

For each i Eiem
,
each n > I let Ei,n= Ein { for > Ci -I }

.

Then for> Em
,

Ki -d) IE
,n

so f fr > En
,

Cci -ONCE in)=E=
,
ciMCEi.nl - or Eighteen) > E

,

CineEin) - SEE
,

CimEi )

> E. CINE i. n) - eMoreover
,
faff so Ei

, n
TE i so

i. Cim#in) T Ei CiucEi) . Therefore lnininfffndn > E. aint Ei ) - E - fgdn - E .

This holds for all e>o and all simple o Eg Ef , so hi ffndu 3 ff du o
↳ The "

a.e.
"

part is missing; we'll fill this in shortly .

4.integrity!If we already proved this when f and g are simple . For general case. need a lemma .

Lemma Let f to be measurable . Then there exist simple f 's Cfn
,
n > 1) sit . OE fn Tf.

Proof
.
For Os ka n - 2" let Bn

, h.
- {In ' fat } . Then set fn =

,
E¥IBn

, i.
.

Then fn s f and ftp.sn-fntztn .

So lniminaffn shining (ftp.n - Ign ) =p . o
← Picture



Linearity of integration proof 440
Let offn Tf, o ' grig . Then cfntgn Tcftg ,

so

fcftg du = Liz, fcfntgndu = hiya (cffndutfgndu = cffdutfgdu .

O

corollary f Ifl dm --fftdutff-du.LY
If f Ifl duc - we say f is µ- integrable, write FEL ,(µ) . If ff-kaenff.ca, say ffdµ
is defined . -

s

.

. Show that if f. g are u- integrable then Safeb
-
-off +Sb . START HERE

Let f so measurable
.

Then ffdµ=o ⇐ f-o a. e . (through class,
(R, Tim ) o-finite£

Recall exercise.

and "measurable" means
NBC IR) -measurable unless

NB ° Definition of integral for simple functions is " forced "

.

otherwise specified. )

• Any non- negative f n is T limit of simple f's so if we want Sf -- linnffn when oefntf, then
def

.
of integral for non- neg .

f is forced .

o And then general def. forced if we want linearity of J .



If OE f Ia
-

eg then ffdµ efg du .

④

Write § =

gt Cf
-g) If >g .

Then f Egf so ffdutfg dm . Also, g and f-g Ipg 30
so S5 dm = fgdntfcf -g) Ipg du .

But If -g) Ipg 0 so RHS = fgdu . o

corollary If fn
'

g then ffdm - Sgdm (provided the integrals are defined ) .

Pr f '

g and g f D

corollary If O E fntf are. then ffndµ→ffdµ .

Monotone
convergence
theorem Prost Define the event E-{wer : fncustfcw) as n→a }

. By assumption MCE9=0.
Now set fnt-fn.IE and f ' -- FIE .
Then Offit f ' everywhere, so Liz, ffn

' du- f f' dm .

But fn
' n 'fn and f ' n '

f
,

so ffiduffnder and ff 'du --ff du D



Exercise o If (gn.nu) non- negative,measurable, then §,
fgndµ=f⇐gn die . ④

Fatou 's Lemma If Cgn , n > 1) non-negative, measurable then f lining g n due Lining fgndn
Proof By definition

, hinnfgn = Lisa limfngm ) and mint gm T hi If 9N , so

by Met . Shining gn = hiya Jimnfngm = RHS

By monotonicity, for all p > n
, fimnfngmdusfgpdmsofinm.fr gmdusijns.tn/gpdu,

so RHS ' him. ipn.fr/gpdu=hinjnaffgndnD Slininfxndpshinsffxndp
- →

In Probability : This says that for a sequence (xn , ns.t ) of non-neg .
r.us

, Elin Xn 's lining IE kn

Dominated convergenceTheorem

Suppose fn f. If there exists GEL , fu) st. Ifn leg µ - a -e .

for all n> I , then ffndn-off dm



Proof can assume for→ f everywhere and that Ifn leg everywhere ( for all n) . ④
Note of g - fn E 2g and of gtfn E 2g so g -fi, g tf E L, ful .

Now apply Fatou's lemma to gxfn, g -fn to get

fg-ifdu-flinzizfcgtfnlduslinnjnffgt.tn du s g t lining ffndu
Sg - f du = fhinjn-fcg.fr/duslinzinaffg-fndn=g-linngypffndu

Subtract fgdu from both equations to get Sfdue line;n£ Sf.du E linzgcypffndu ← ffdu
So the limit must exist and equal ffdu D

corollary ( Bounded convergence theorem) . Suppose µ(R)c- . If fn→ f u-a.e .

and there is

M>0 sit
. lfn KM for all n > I then ffndu→ ffdn .

Pr Apply DET. with g M . D

special Case : If ( Xn, n 31) bounded r.us/lnirslR and Xn X then IEXN→ EX .

Exercise If Cfn
.

ns.t) measurable and ⇐ flfnldue - ,
then §

,
fn is M-a.e . uniformly convergent

and ⇐ ffndu = S⇐fndn .


