
Expectations and Independence 480
Theorem Let (r

.
2. IP) be a probability space, let X. .. . ..Kir→ IR be random variables .

Then Xi . . . .. Xn are independent⇒ for any Borel functions f. . . . .. fn : IR-HR
, Ef II

,
f.Hk) f-II

,

EffieHH]
Recall lemma : Lemma Let fir→ [o.-7 .

Then there exist simple f 's Cfn no, i) sit . Osfn Tf, and sit. fn is
off)1BCIR) - m

'

easierable for all n31
.

Proof
.
Set fn =

,

"

' IS e f a n } . 0

Proof of Theorem First suppose that for any Borel functions f. . . . .. fn : IR-HR
, El II. f.Hk) ) ' II, EffieHH]

Now fix sets (EkE o( Xk) , k k en) .
Since 0(Xx ) = { XI

'

(B) : B c- BlIR) }
,
we can find sets B.. . . .. Bn C- B (IR) such that Ex -- { Xk EB , } for Is Ken.

Then taking fi, = IB
µ ,
we have

IT IE ( xx)) = IT
,

El 1B
.
Hell = TTIP ( Xx E Br) = IT PIE ,. )

f-= , K K -- I k=,

E'ITT fifth. )) -- E (TT IB
,!Xx)) = IP { XKEBK}) =P( M Ek )

. Thus Xi . . . .. Xn are independent .KT K= , f-=, K = 1

Next suppose that Xi . . . .. Xn are independent . Then for all B. . . . .. Bne Bn , Eli. IB ,!Xx)) = t.IT, ELI ,!BHI
m

Now let fi . . . . . fn be simple Borel functions; we may write fi. = ⇐ Che AB
,,e , for some Chee IR and Btec- BGR) .



Then 490
Effi

,
fr Hell -- El II. (E. case 1,3*0*111

' E -

e.Een = , IE HICK. he IB,e! X"
=%= ,

II. cnet.IE I Bee. = II EEE
,

Che 1B
,,e= HIT EffXx)

so this gives the factorization formula for simple functions .

Next suppose fi . . . .. fn are non- negative Borel functions , and set % -
- ft ( Xk) . Then Yi. . . ..Yn are independent .

By the lemma , we may find simple functions (Yn, m , m > 1) st. of Tn,mi Yn with Yn,m OCYNHBCIR) - measurable .

By the factorization formula for simple functions , and the monotone convergence theorem,
Yon . convthm F.F . Mon- con - thin

.

I I

E- II.fillet - E II tie = Liz E II. Yr
, m
= his II. EYE ,m = II

,

EY. = II. IE film .

This establishes the factorization formula for non - negative functions .

Finally , if fi , . . . . -fi are bounded and measurable then we can again use linearity to write
fish) -- Yu --Ti -TI , and we then have

#Si .-of = -}

EII.fr#t-EIIHit-TiIEo.?...!i!?, Eli
.
YE'T

non- neg - case
-

÷
.
?÷, !i:

"⇒

II.EH") =
*IT EHF - HI

,

EffiexxD . o



④
ry If X.Y:D-HR are independent and XELYPI.VE#7 ,

then XYELYIP) and IE XY -- EXIEY
.

Ekka Ekka

Notation : for a function f : rt IR write fan ftp.msn
.

First suppose X.430 .Then by Mon. com.

thin and independence,
El XY] --Liz El Xen Yen) = Linz IE Xen IEYen = IEXIEY .

Write X -- Xt- X
-

,
Y=yt_T

.

Then IEIXYI = E HT't ExtT-+ EX-YE EX- Y'
non-neg - case - = ( IE#+ x

-

g) (IE (Ytty -t) - IEIXIEIYI do,
°

So XYEL ' CP) and

IEXY -- E XtTt ExtT
-

EX
-Ytt EY

-'
Y
'

= ( IEHt- X)) (IE (Yt-Y -D= EX EY. o



toaster fix a measurable space (r,7) let PcJr be at - system over R , ④
with re P Let S be a collection of functions firs IR sit . the following all hold .

Ca) Ip c-I for all Pep;
(b) If f.god and co IR then cftg c-I
If ( fans !) are in L and of fntf and f is bounded then fed .

Then I ? {firs IR : f is COCPHBHR)) - measurable } .

(b)pStep I Let A-= {For : Ifed}
.

Then PCA by definition
. -

Also
,
if E.FEA and ECF then IE , IFES so If,E- A-f- IleEL so FIEEA .

Moreover
,
if OE En TE and each EntA then I

En T IE so IleEL so EEN
.

Thus A is a7 -system so OCP) EA by Dynkin 's t- system lemma .

Step 2 .

. By step 1, For all EEOCPI , IE EL .

• By Cbl , for any Ei. . . .. Enc- OCP) and a. . . . . Cne IR, E. Ci IE i C-I , so I contains all simple
(ocp) IBHRI ) - measurable functions .

• If f : Lo , a) is Cdp) IBCIR) ) -measurable then f is an increasing limit of simple fns,
Oefntf

, so if f is also bounded then fed by Cc) . So I ? { Non- neg. bdd. NPH Bath - meas .
f}

• Any f.SHIR can be written as f-- ft-f -

and if f is OCP) -BAR) means .
and bounded then

ft, f
-

are @CPHBCIR) ) - meas . . non-neg . and bdd so ft, f
-

c-I so fed by (b) . D



The probabilistic method ⑤

To prove an object with a given property P exists
, one may construct a random variable X

with the property that

Ex
PH has property pg so .

①Existence of continuous nowhere differentiable functions
Let Dn -- { In ,

Otis 2^3
, Den = ¥nDi , D --Da .

Let (Nx
,

#D) be HD Nco .D nu- s
.

Define B Col -- o B ,
C D= Ni Brix) = xN , C linear interpolation)

I
.

Inductively, given Bn-i , let
Bn (x) =

Bn if xf Deny{Bncx) t Nsyfzi if x C- Dn ' Dsn- I
linear interpolation between points of Den .

Then it turns out that IP ( Bn is a uniformly convergent function) =/ .

The limit Ba is Brownian motion on Co , D

And PCB- is nowhere differentiable) =/ .



② Small -discrepancy signings of vectors ⑤

Prop Let y. - -→Une IRN have Niki . Then there exist OT. . . . . On C- E-1,13
St . tout - - - town Is rn .

Proof

Let or
,
-→ on be independent and uniform on E- 1,13

.

Set X =/ out - - - tonvnl?

Then X = ( crux - - - town) -Cav , t- - - town)

E- ( X] - E T.EE?oiojVi.vj--!E,j&vioVj.IELoioj3
= €

,

wit .IE#t2fgg...nVioVjtECoioj]
= E.

.

I t 2€ no =n -

So IE X = n so Pdo, ht - - - taunter) = PH en) >0
So there must be at least one choice of Oi

. .
-

→on set. fruit - - - town ) Ern .



-
. .
but how do we actually de stuff ?

y
fan : = fIifIsn 540

B* If X is a riv . which takes values in IN (or some other countable set N Clo, a)
then EX - Lisa E Xen = Liya f Xen dp ; Xen is simple so

Ellen = Eiko PCX - k ) = Eg t.mxCkiobfidyf and so EX = Ee k - BLAH .

So
,
for example, if Pn Poisson(7) then EP

-
- Eng ko I,!e =D . ¥7

8* Suppose I tell you N -- (Ni, i 31) are l ID N coil ) and P - Poisson a) is independent of N .

How do you compute pi Ni > 1) = Ef 1.E. ni > ,) --f 1.Een!'s Mdw) ?
Using densities , ctangeofvariabes , and Fubiniistheorem .

Definitions Given a measure space crime) and f .-AIR non-negative and measurable ,
define a new measureMf on (r

. by Mf (A ) = f f dµ :=ffIa du .

Ex A

• Let X be a non-negative rn. on (r,2 ,
IP)
, for 7,30 let f, Get = et ?

Then uh, CA ) --f et" dD= ELE"I ]
A A

The function a i→µf (e) = Ele#) is the Laplace transform of X .



Size - biasing 550
• Let X be a nu . with 830, EX <a. Recall Mx is dist . off.
Then ( IR ,BIM,µx) is a prob . space .

The size- biased distribution ofX
is it fix ,¥) , so lift) - (Mx¥×)CAkEl¥x1xeA]
Note tix ( IR) - Ef ,¥) = Eff) =/ , so tix is another prob . dist

• Let Pir→lR be PoissonH) ; IP ( P - K ) -- Ike
-Mk !

,
IEP =D .

Then ripens CA) -- EL Pla Ipc-A ] 1/1/1
, . .

M%b" .gl//l
, . .

= I kg op( P -- k) ¥50789 " H
ot

shift n

KEANE543. .} MP by 1 Mp

Tien.n%⇒¥ - Ean,⇒, ' PCP # c- A) Up.it )

"

A size- biased Poisson dist . is just I + Poisson CD
"



Definition If u =µf then we say v has density f with respect toµ . ⑧
Say X has density f with respect to Lebesgue measure if My has density f art Lebesgue ,
i. e. if U Be Bl IR) , Mx (B) = f IB Mxldx) = fpgfcxsdx
The definition is justified by the following proposition .

#

Proposition If V has density f with respect toµ then fgdv =fgfdµ holds

for measurable g whenever a) g Zo or b) g e Ltu) . Moreover, go LYV ) to gfe LYN) .
Proof If g = In. for some AER then holds by definition .

Then build up using
monotone class thin and monotone convergence thru . D

change of variables formula
Let Cr , F. P) be a p . s .

and let fir→ IR be a nu. .

Then for all measurable g .

- IR-HR with E Ig CHICA, have Eg CX) --f
,,
gcxgeucdx ) .

Moreover
,
if X has density f writ . Lebesgue measure then Eg(X) --frg Cx) fed doc .

Proof true for 1B IN, then build up using monotone class them and monotone convergence than .
D



Example If N - Nco. D then N has density #GO = e-
'"Z

w - rt . Lebesgue measure ④
IN 1 has density 464 = FE, e-

'"
21
,>o

w. rt. Lebesgue measure .

What about the size- biasing of INI ?
The distribution is Ain , = (MwiffTDE1NI-f1N1dPTJixldMny-f@gx.f.EE#zdx--ff*e- '"Y! = FI .

C of V CofV

So for B Borel , 1340,0) ,

iinkB) = (Mini B) = JIB d (MN 'I¥n,) -SAB ' Feu du

=S
, *

FEE"" doc = SB x e-""2 doc
so ^µµ has density x e-

""
Ioc > o w. rt . Lebesgue measure .

This is the Rayleigh distribution .

Exercise If X
,
T are independent standard Normal then EF is Rayleigh

distributed .



More generally , if (R,Qu) measure space and CS
,
I) is a measurable ⑧

space, then for a fire s an (3/1) -measurable function we may
define VCE) =p( f

- 'CE) ) for EES .

Then for all non-negative (SIBIR))- measurable functions g :S→ IR, fgdr =fgofdµ .

Special case : Eg CX ) = fgcxsircdx) .
Another special case : if X-- CX.. . . .. Xn) are real r.us defined on a common space and

g : IR
"
→ G. al is measurable then

Eg (x) = Jpn gc E)MyCdt) ←
Makes sense since X.- R-412N is measurable so

Mx is defined and is a measure on IR
"
.

Ex Prove that if Y .

- la
,b) → IR is C , (continuously differentiable) and strictly T

then for all Borel functions g .

- Clark →Cad,

49!'gcysdy = fabgoeysleiysdy .
( Note : If g

-

- Iced] for G. d) a cab) this says Md) -Ha) =/!Y '

ly) dy , which
is the fundamental thin of calc

. Then use monotone class theorem
.)


