E. xpemlajréons arol Tholependlence

Theoren Le} (_Q‘_Jw ]P) be Fm!aoLulnlj space, lef X, X2 e rondom vap.o\!;]eg
Then X, X% are .r\olepeno(eml <> e any Bore| {inctions 1(’. M=, E[ﬂf(xk)} ﬂ ‘t[r(x* ]
Recall lemma: Lo mmon Let {: U= [0.20) Then there exis simple {% (f, n21) of. 0<{i 'Mj and s} £, s
a(£)/@(R) - w\emswotble Por all N1,
Proof. St L= KAy 0

k=o

Pf‘oo-P '?TLQQPQ,M fS“ suFngQ ‘I‘l‘w\‘l’ ‘(Z)f‘ an:o Eorel 'RII\C'l'OﬂS f. p lﬂ JﬂZ I:E[ TT‘{)(Xk)] ﬂ 't—[‘r (XI: ]
Now x sets (tkCG'(Xk) 1<k (n)
Since (X)) = X7 (B) B B(R)}, we can Cind sets B,,...B ¢ B(R) such that E,={ X, e B3 Por 15ksn,

Then Jrokilg f < jl.gk,we have
jT Ex0) = TE[ 1, (0] - (X< B = T P(E,)

E[TTAx0)= B[ 45 (x0) - TP(éixkeBk%) PN EL), Thos X, %o are indlependent.

[\)ex* Suppose ‘Hm‘l XI Xf\ Gre »I\Olepenolen{’ Then ror all B,... E @ IE[jin(xkﬂ =j E[,ﬂ_x‘(sk)}
Nou |E’j P.ﬂ. Le, SuMple Borel guf\c‘l’.ons; we moy Nr\ e fk Ié k4 {\1'3&,,0' Qr some Ck']élR amJ Bhﬂeﬁ(ﬂa),



Then

\E{,:':T, f (X0 E['U(c%. Ci,2 ﬂ.Bu(Xm))}

L=

" d 49
S IE JI Tk 4y ‘/ﬂ'ka,( Xy) .

I.,...In='

= P?an, k'l—:\" Ciy [E —“—Bk,,e, = ';[.T lEé Crg J/,-Bk,f = J:l IE ﬁ(xk)

Sd 'Hm's aives ‘H\e r«;‘mr'.ijr;m )Qrmu‘q 1(3,- s{mp|e (:pﬂc'.'{of\s.

Nex"- SUPPOSG f.ﬁ are non-neao«-live @orel Punc"‘iOI\Q, aN?l 564 \/k ’fk(xk).ﬂ\en Y.,...,\/n ore im'epeno]en%.
BJ the 'emw\a) we may find SiMP,e fundion.s (Yb,m,m;') st oY, .7 Yn wilh Yn’m o.(\(n)/&(fm -W\emsuraUe.

'Ey the rmc"oriZw}ion &rmu,m (‘or— simp]e runc-"ions, ow\o' 'Hne mno*one convcrgence 'H«eorem,

,Ejrk(xk)-_—Ej‘IYk :J_.)/: E;\ir‘\'/k,m =J\';"2° j‘l'EYk,m = i‘: IE\/k = j‘:—l'lEgk(XJ
T\\3$ esjralplis)nes -‘-Le Fucjror{Zo‘!"or\ ‘rorvv\ula ‘ror Vlon—neaajrivc rundiol\s.

Fina||3, £ (’p--u‘rn GQre Lounoled ondh WQNurmL;le, ~‘-LQ,,\NQ cm\g@ojn uie l}r\eop.’b Jfo urdje
‘Y\KO(\A’\/)‘ .—Yy* ‘Yk‘) <k e “\en have

n n H§i:07=-3 " o
€ TTR()=E %Y= & 60 7 E[T YT

@) et - 25"'

Bfi:0g=- = % L - -
- £ 60 TENT = ey = i efonl. 4

(QINNCARE SR o



Coro"org TP KXY Q2R are ;r\olepev@lmjf andl XC'L'(IP),YGL'(‘P),

KP" OOP

then XY€L'(P) avh E XY =EXEY.
Netation: for afanckon PR wede fs,. x ?ﬂmsn,

F‘irsjr Suppose X ,Y)O .TLen la‘/ Mon. conv. ‘“\M 07\0‘ ;f\alepu\olgnce/
ELXY]) = b E[XcnYen) = limn JE Xen E Y = EXEY.

Weite X=X X7, Y=Y"-Y]
Tb\er\ 'E , XY[ = 'E X*Y*-r IE K‘f Y4 It Y-Y+* i€ x\ Y*
=(IE (X T+x7))E (YY) < BIXIEIY) <ee,
So XYEL'(P) and
EXY=E XY €X'V EXYEY'Y
=(E (T-x))(E(Y*-Y)= EXEY. g



Monotine closs ‘}Leoc-ew\/ Fix o meosurable space (1,7F) led Pc'} be ,\w-s‘yg!em over (1, @
with Qe 0) Let é be & Co“eckcm a\p ‘?unc-kof\s f:ﬂﬁl? Swl. ‘HAe g“ow;nﬂ qn L\old,

@ fped for ol Pel;
wIf L Gé ord cell den Cmp+3 6@,
© 1l (L, nxl) ore in é and ngnjl\f ool 1()35 ,aou/\aleo‘ then ,PCA

Then A 25PQoR . £ i5 ((P/B(R)) - mensurabled

Let N=§FecQ ﬂFeA} Then Pc/\ by defaidion
Mo, if EFN ad EcF ten 1gAred o AeAp 1l s PECA,
Moreover, ;P 0¢ Eq TE anol eaclh Enc/| Hen f\l_En’l‘ ﬂ{ = 1cd » ECA,
Thos A isa A-system so o(P) s\ by ’Dvn}dﬂ‘s ‘\“'-S&s)rew\ lemmar.
+By Skp 1, R all gsa(?), ﬂ_g"_»é\-
* By or any EvEaco(P) ad o, cae R, éc 1;_‘6/& so A condmins all Simple
(P)V/&IR) - measurable functions.
« 1IF . = (eee) s ((P)/B(R) -measurable fhen f s on 'mcrec\s;"? it o0 simple {%,
o<l f\p, so { fis also boundedl Then PGA Ly - Se Azz%l\m~ne3.LJJ. f(ﬂ/&(m-m\s.r}
. A,\y PR conbe untten as P= PP adif Pis o(P)-BIR) meos. and bounoled hen
20 ore @ (P)/B(R)) - wens. , non-ney. ard bdd <o F*,FcA se Pl Ly . .|



The ?m\oaloi lishe Me{\mo\ @

To prove &n OL\)QCJ[ “’m" A O;\’e'\ p'\epp"«l‘@ p txis*s) N Mey Construct @ ranclom variable X
with the pmpel‘b oot P(Y hos PNPQPB p) Y0 .

@Exisjvtvxce op cofﬂ}fwous r\ou)\Qt‘e J;WQPQI\‘kO\LlQ fui\ericf\s
Let Dn=4.6¢<2, Dep= YD D], Lol (NxeD) be nd NG rvs
DJ',,\Q ’B'(b) -0 R, (=N, Balx) = XN, dil\(w\ il\Jerpﬂo\-};ot\)

‘Iv\o\vclr(\aelj, diven Bnoy L e

2 (x) _ (B L xe DR
n {’Bn(x) + Nx/[2% ! x € D\ Den-

lingor ir{}enpohd'ior\ betucen Poi!d's qf Den.
Then \* e oot ‘““P\J‘ ‘P( Ba is °\0'\;+\°"W‘\|j corwerscwl-ﬂl’\&fof\) =,

The |imot goo 15 Brownan metion an (o)1)

A’\(‘} ‘p( BN s Y\oul'\are J\'WQPEA*HQUQ) = '



@ %m“-ol{screpomcj Sbniws of vccjrcmS

Peop Let v, _ Ve RY howe 112l Then thene exist o, 0y €5-117
s¥ lovvi+---+aava L ¢ {n.

Pﬁ:o‘r
lel o7, _ 0% be ff\C)QPQV\ol@/\wL anol onForm on £, 13 Sel X = |cu+-- -+G‘,\Vn\2.

Then X =(ovi+--- +°‘vA) (<nv\+---+°7\vn)

E (X< E ZZO‘O‘VV = ZVV E [o70;]

(IJ) flj”

= gwd o] +2 & Vo Bl 7]

ey en

= ?;; :L - ’Z_EE: Q) =N .

Is <jsn
Se EX=n s PUTus-- 4Gwalem) < P(X en)>0

So Fhere mudd be ol \1&54 one choice_ of 0y, .,y sh \oTv+--+ v, € fn.



b how do e mluqllj do shF? @

TP K s & mve Lhida Yokes values /iIn IN (o some dther cwnateble set Nc(s, o)
Won EX = lim EXqn = lim (X diPs Xen 15 smple o
V\ﬁ? v\ﬁo: N
EXew = & k- POX=K) = Z b () ord s EX = Z k-Px=k).
So. b cremple, € PrPisan() flan £P = £ K- )e -2 g (2‘\): P
SUFFOSQ I {ell jou N= (N L>|> are I1D N(° ) ow\Ol P Pe. 550'\(‘)|s \/\olefey\de/\"' ol N.

Hou oloJGO COMPU“Q Z N 1) IE[ _\_ZN S /] P (Lo) ]P(Clud)D
Us\r\\j dev\sAics,Cl'\w\L o? mques ou\d R,L»m‘s_n«gorem

Defliaidions Given & measure space (27 p ond fﬂ-aﬂl Aon-negative ond measurable,
define & new Mea\SUre/M‘F on (_(2'-3") Loy /V\f(/\) = fPJM 1-5?1/\ O'/A

o Let X be o f\OA-V\eSou)rNe ~V. on (_\'L'E., [P‘) &r 0 ‘e* {’l (%) = 7\’(,

Then L6300 (A)= S e ¥ dp- IE[e‘VI]A]
T\AQ fur\c,jnon 2 |~)/¢AV (X)(S'L\ [E[ M } IS n«e LO\P‘MQ wlravme)rm QF X



Si?&- 'oio\s'»g
- led X ke o nvowilh X20, EX <o Reall gy s ot oP ¥
Them (RBURY fAx) is & prob. space. The Size - binsed chslribudion of ¥

s 0= X A (A) = e[ X
s (/“X lEY)/ S0 /U)x/\\ (/(AX%()(A)- IE[IEX ﬂXEA]
Non /(;\x(ﬁz) = |E[ If'_iX] = \ELX ,E[)(} "“) SO /33( 'S ow\o“\Qr‘ Pf‘&lr) Jlsl‘

clet PSR be Pyissenrd);, P(P=Kk)=Ne /K, EP=7.

Then /QP(A»=§MP%)(A) ~ELPA dpep ] MUH:;;IJ by
-2 Leperen e
layi

kéA'\fl)‘l},_j A

s ke et -
Ak keiAnw_} (k-1)! P(Prie A) /M P+\(A>

keAn$iz3.3

n n
A size-binsed Rison®) dist. is st 14 Pyisson ()



DQ()K A(J(§on af v -’/A{) "‘ll\ev\ we say ) ons Jevxs;w ¥ w}Tt\ TS\O@J Jro/u.,
Sey X hos o\u\snlj 1[) wik mspeal | LeLefj (& MeaSure ;,[’ oy hos olens% £ art LQLQSjue)
be  UBe BR), pmx(B) = (g i) = ngmo\x

Pﬁoposﬁior\ 1d ) has olens@ fwi‘ﬂ« regpcﬁ fo M then jad\' :JJFO‘}A holols
for wmeswsorcble 3 whengver u)ﬂ 26 o~ b) geLim . Maoreover, gc L'V)y<= 3(’6 L'(w.

Pmof 1P 9= le For some A€ dhen holds by olew(:'r\hl(of\. Then byld op uSiﬁg
MOV\G*OI\Q class ‘H\w\ omA Mona"m\e CD’\VQVBCM\(E 'H\vv\. |:|

Cko\nse of varables formolon

LQJr (ﬂ,ra".ﬂ)) be o pPs- awol lel )(1_(&‘9,2 be & ~v.,

Then p‘”‘ [ MQ.MU"'-‘JDI : IR-IR with IE (7()\<WJ howe (X) = %) alelx).
o ¢ g 9 IE g X) j‘ﬁl 9() pr

Mo reever, 4 X s Aey\sllrj £ ack LQLesJue meosure then IEj(X) =5ﬁ23{x) ]P(Jc\cb(.
Proop Tr'..)Q eor 13‘)()/ 'n"“”\ L“‘u UY Usi':j Mﬂ"ﬂ'lﬁ’le— ClOSS 'H\W\ omb& w\mﬁv\e c_pl\veﬂe//lce, ~H\W\. D



P M“N(°") then N hos AQI\S;U @‘01\%‘{:% w-rf. LeLeﬁue measv e @

IN | hows Olenslb \P(x)= j_% e—"-‘/z ﬁl—xlo wrt LQLESJU& 3

'I\”\D\‘} Ocl:oul' Jr\\e s;ze_b;o\s;ﬁ of ”\”7
The distnbudion is ANI =(ﬂm|'ml

€N

E IN) = lelo\fP -::th\ d gy = \X )I‘Fe‘xz"o‘x = [\E e"v‘]w =
0,9 L o

SO rol‘ 23 Borel ,E‘[o,oa))
/‘;‘ml(g)z (/‘A.M'%)(B): Sﬂ B J(/(AN"N‘ 3 =fﬂg'%‘;ldﬁ

EIN)
- L 2 -xl/ _ _xy
‘SB Jerm &;C o ‘ngex/zolx
-"1/21

=N

e /(’;\M L\D\S olQV\S',U x € %20 w.ml. L.E,Lessue M oSy N -
This is the Kmyleiak distribution |

pad XJY are il\depenolenjr s‘omolomol Normal fhen J)(“Jr\(?' 'S qu\eijl\
o‘iS‘MLu}&OL



More su\e,-qll‘.)) if (Q/"a\)//\) heosure. SP-C@ avd (S,ﬁ,) s & weosurable
sporcr, Hhan Woo" e~ -5 S an Q—B‘/A) -meosurable function we may

define v(E) = p(L7E)) for E<A.
Then £r ol v\m\\v\qaoc)we (& /BID) - mensurable Ponclions 9: SR 530\)' JS wpol/b\

SPQQ)O\\ CeSR Il; S(X) = SDCJL)/(A (dx) .

Ancther spedal case: ! X-= ()( . X)) are rea\ rVv.s o)\Qp.'Aeo} ON & cOommon space o«v\oﬂ

8 " (0,09 s MQasurQng H,\e,,\

Eq00 = Jo, 90 At
pva ‘H\O\‘}’ .P \P [‘7\ L:J - fR IS C (colﬂ\/\uous\‘y J ﬁeme(\que) ou\o‘ S]lr\)cHJ l
then for all BOPQI Pol\d;ﬁ’\s 3 [‘F(\‘P(bﬂﬂ[@”)

J \O(b)ﬂ‘ﬂ’@ S ey Py dy.

‘Pm

(Note: Tf 9= e, 0 for (ed)eal) N soys Pd)-Peey = 5 P'y) 0\3 which
s the p”’\dc‘w‘eﬁml“l h’“"’\ 0*\ QCJC TL\QA/\ use m’\nj(ot\e closs ‘H\Qore,w\.)



