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Proposition If fig are finite valued and measurable, then fig, fog are measurable

fug: = max Sf,g]. fug: =minf.g) are measurable

Proof. A afIR. 9f+ g<a =[f < a- g) =qe[f(q(a- g)
= Ea(f(q3-(gca- q3 =M

=>f+ gis measurable -> f-g measurable -> f.g =4((f+g) -(f-g() is measurable

fxg
=d(1f - g) +(f +g)) =fxg is measurable

fag = -max 5-f, -g] =>fig is measurable A

Cor If is measurable, then f*: =fxo =max (f,07 (positive part of fl

f -i = -(f(0) =max5-f,07. (negative part off, buttaking nonneganme!)
and A KEIR fak:= min If,K3. fxK: =max9f,k]

are all measurable.



Remark:1f1 =f
+
+f:f=ft- f- ("r- p" won'toccur here. Why?

Proposition Let Sfrines be a sequence ofmeasurable functions. Then,

supfr, intfr, limsupfa, limit fu are all measurable functions
n=1

Recall thatfor San:n2)_R. limup an =insnam) and limit an= supsnam)
So. AXIR. himupfr (x) = limsup(fulx) = ifs frx)),the others are similar.

Proof:To show supfu ismeasurable. We verify that16 acIR. 9Supfr=a7 =M

x =[supfn =a ==supfax =a =fax a XnLI= xeSfr=a
Thatis. [upfr=aT =E, SfnxaY -M. - smpfr is measurable.
If we had chosen tostudy [supfu<a):
NOTEthat[supfu<aY = nE,Sfr<a] (e.g. fr =a- .fr<a Anz1 butsupfr=a)
But[supfrcaT =E,[supfr =a- k3=EE, Sfr=a-



Exercise:Prove infor is measurable
Given acIR, compare Sinffrca) and , Sfn<aY.

WhataboutSinffra) and E, Sfrza??

The measurability oflimsup on and limitfor directly follows from the

measurability ofsupfr and in fr

For example. Am<1. 9pm fr ismeasurable
-> limsupfa-i, Sm is measurable

Exercise. Express [limsupfr <a] [limsupfrsa). Elimingfr <a]. [limintfr sas
11

e.g.in Em"frsa-t me m Efra- t)

Proposition LetSfa:n=1) be a sequence ofmeasurable functions. Then, the following sets are inM.

Shinfa exists in IR] Shfr =r]. Efn=-r3. [hfr= c) (ACER)

Moreover, iff: =Mmfr exists (in IR or as Iv) a.e., then f is measurable. (Assignment
2)



32.2 Approximation by Simple Functions

Letf: MR+RR be a measurable function. We can "dissect"of in the following steps
1.f =f+ - f-:f+= =fx0.f= = -1fx0). both measurable non-negative.

(i.e.. AXER f(x) =1sn, n) (x) (f(x) xn)2. In 21. Setfi:= (n)cut
offL

truncation

An2I fut is measurable, bounded and supported on a finite measure set.

Observe thatfit (i.e., fr-fill and f-fut

Similarly. fr=(fin)1s-n,n). same properties, and first. f--him fir
3. An21 Starting from fat, define

for R= 0.12 ...sin. Ank: =(xefun:efect iteminNote:RF1 => An,k vAn,l =4. An,k =Am,2kW Ant,2R+ !
Set Yn:=EAAnn, i.e. 4nxs= ifxeAn,

-M An, k
In



Xr21. In is measurable (because Ann EM An XR). non-negative bounded.

2nand Yr (because Axe Anh Yn(x)=*, but4n+(x= S
1 ifx=An,2k

I
/so himon exists) R ifx= Amr,2k+1

fre (x) =4n1x)
and AXGIR, 4nixi <fiix) and I futix) - 4nxs)= e'"

Moreover, In is a simple function and him 4nlxs=f+x) AXAR
L

Definition 4 is called a simple function if 4 takes the form of4=E,amAER
where 11. AR=1,2, ....L ap is a constant. EREM and m(E)<0.

Theorem If g is measurable and non-negative. then I 94:n217 a sequence ofnon-negative

simple functions s.t. Yu and fulxs-gex: WXGR.

Nexttime:we will explain approximation by "step functions"in the "are. Convergence"sense

We will also discuss "convergence are."V.S. "Convergence in measure".


