Leckwre &

Cko.‘-,&ar 2 Iv\i{ﬁra.h‘m Tkznj

52.1  Meoswuble Function

We. consides functim £ olefmed on R (on A SR) . We wid assume i genernd

g could teke 2w value e . f‘- R — FP:=IRU{w,—m} ( f extended - read ~valued)
I —w<fro<m. ¥xelR  than we. sy £ s Puite yolued

VoelR 7 (Lwa)) = jxeR: foa<al (glsh writkea a3 H{cal) s the pwerse image
> nChadns "Fi =ve of Lwa) wdem £

Similasly . ¢ BSR 7' (B):=IxeR: fmed)

Debwtion : §:IR= R ™ o measursble functon §  VaeR  {{<a] & measwsble
Praperties A mensursble functn

Propositun  There are eguivaleat dlefitns of  measwrebilin




} 3 mowshle <= YaeR  Tfsa) el
<= YoaeR {isafe U
& VoeR ITfs<aje M
(o s (0 nde tar Vack  Tleal= O T4 at) o Tfeal= [} Tears)
I { i finte valued than fic measuroble <> YabeR (Lo, b)) €M
=\ o, beR 4 (Ta,bl) € U
<=>VYabeR §' ((a,0)) €M
<= § o, beR £ ((a, b)) € M
Consider the Burel o'—aiﬂdm g subsers of R : g ‘=0 (@,Kuffmi,{-d))
V(’rl:h that DD(“;E = o‘({f—oo,&\: aGfRﬂ (M‘R‘l'kai‘ Mwlﬁbned A s IE\A)
Uearly. VOER  Tw,a) = FriofU (o, < ot obg Oft 7o) > (TE w12 acRY) Sd
('mmeH §- = “}j Ewo,n), f=i= R \(,‘g [—vo,n)) 3 Fw0), Fe) € o({Erey0) 1 ae})

VoeR (w0,0) = Twa)\ J-w]. > Bp € o (Tw,a): aerl)
> Qo s, By € olfema) ack]) = R < o(fiw, 2 aek))



Popotition. £ R =R [ measurable > ¥ BBk, P'(me M
Prod - = 05 vhriow. To s =" wie the resubk from a?ro’blm i A{s“aﬂ\m&i 2

Given G 0 clhokion of Subsets sf R £7(6):=5AcR: A-{'@ for sme. B8]
Then, {f({u-(ﬁ) s o W‘ﬁiﬂdﬂl(t‘g cubets of R) and {7 (ot0) = o 7(6))

Toke €:= TTw,00:0eRY . Then §7(Bz) = o T (Lm):acR]) M g
Similody, we hove Proposton - §:R—R (e § is Bk valued!) is measuroble. = Veedg {6 el
Dropssition - Given f: IR+ R dedime jo,km=f]eom 3@::3“”(”

§ x measuobe <> VgeBr B el AR TfwleM {f--wjeM

Prvf . "= foum\n t\rnmabareﬁ from  the /Pwnw Il)rJme(ﬂxn_
‘<" Assume +e RHS. VoeR ' (Lew,a)) = {§=~W5u¥,: (o0)) € A g
Defintion. I o Stotement is true for ovey XeA whoe AU and m(A) =0,

Hea we Sy th stotemet & true a.e. (or —tm.l for ae. X ') (ae. = olmost
or “almest e,uazwkece)



(Assigrmest)
Musﬂﬂm If £ 5 measusble aud §=f ae(gm=foo fr ac xeR), then § i meatwrnble

Gr B {x {evolwd oe. than o measursble <> VabeR §7(6h)ed,

Poposton T f=c (e {5 omstant), than £ meagquoble . If § =4y for
Sme ASR. (ie, § & the chuacteriste functimsf A) , thon § i messursble = Ae i
Dok Tf fec . ben Vack  Flewan = {R 3 ey

(a3 r]t Qsc
H f=14a Ben VaeR {ﬂ(r'“’m:?/{i EQ;M‘ e <= AEM
¢ T as<o =

P@Emh\m I £ o {wde velued and continuouy function on R, +han ]0‘3 mea Surable
Pg . $:RSR 5 oomtnusws <= VAR oper. §7(6) i open

=\, bER ]N((a,b)) XS pen and herw o AR

Tnfot, 3 §RoR % Conbusus, thea ¥R CRp, £ €Rr  (ve., £ SBe)
ond it £ R R oxicle nd is Coviinwows, than VB eRp, B €DR



Pm‘_)«sﬂm I {i measuable. than VcelR — of 3 wmeaswable,
On portiealor, —§ o meoswable) . 1£1 5 weoswrsbe
oad Vkem/ $F s measwuble

Prof . Asume c4o  Othowice, of =0 (mstoad & measwsble

V O.le‘ (Qg)ﬂ ([—Oo) a\) = {‘P “:‘N, %)) \tf C>o € M
'fﬂ ((%, ‘*001) r‘S’ C<o

VoeR, W (Bwa) = i (o,0) i G0 o g
&

% as<o
Vo eR 4 (Do, @) = [ 3 e ak)) i ko odd
¢+ i kis even 0d ag0o €M

£ ok ab) T R 3 aven oad a>0



Propogitin I § 5 Poie vadued and measwrble  and g: R=R I oontineus
than  §of v wmeasrable.

Pok < VaeR.  (44)" ((-0,00) S :F—'(ﬂ“‘ ((—do,a))) e U
spen.
To g0 B W BSR  xe (4o5)'(8)y <> §(foo)ed

> Lo e § (8)
= xe $7(3"(®)
Next time. We pill comhine with properties ot measursble funchoms
( ?arﬁcmr, Sejuers / sum | ,Produ&- g{i mea Sureble ;ﬁmohkm)‘
and  disaus  appmximation by Siwple  functions



