
Sep.20 Lecture 8

Chapter 2 Integration Theory
52.1 Measurable Function

We consider function of defined on IR IonA SIR). We will assume in general

I could take to value, i.e. f:RR + RR =1R590, -07 (f extended - real-valued)

If -r <fix) - r. XXER. then we say I is finite valued.

HaGIR. f)[-r,a)) =9XER:fixx<a?. (also written as if call is the inverse image
x

including "fix)=-0" ofEr,as under f

Similarly. I BIR. f"(B): = SXGR:f(x) =B3

Definition:f:IR -R is a measurable functionifHacIR. If < a] is measurable

Properties ofmeasurable function

Proposition There are equivalentdefinitions ofmeasurability



fis measurable -AaGIR Sf =a) eM
> XaGIR [f>aT =M

Ya GIR [ f =a =M

to see (s). Note thatI a GIR. SfcaT =E, Sfa-Y and [f=a) =sfxa+
If f is finite valuedthen is measurable > Ha.beRR. f"([a,bi) GM

==>Ha,be1R f([a,b)) =M
==>*a,be1R f((a,b))fM
==H a,be1R f((a,b]) -M

Consider the Borel F-algebra ofsubsets ofTR:GR:=0 (8,mw[sp3,5-037)

Verify thatfix =2 (5[-0, a):af1RY) (note thatthe complement"A" is inAl

Clearly. HafIR. (-0,a) =5-b)r(-r,a)=v20,mw[sp3.5-wi)) =>w(9s-0,a):ac1R3) =8i

Conversely, 9-03=, F0,-n), 50) =R (nE,[-0,n)) =>[07,5-p3ewIEr, a):ac13)

HaeIR,(-0,a) =[-w,a)([-r). =WR = -(99-0,a):a+1R3)
=>2,mU[sp3, S-p33 - H950,a):af1R3) -> DiR =r19[0,9):a+1R3)



Proposition of:IR* IR is measurable =>A BEWR. f"(B) =M
= -

Proof:"I"is obvious. To see "-" use the resultfrom a problem in.Assignment2.
Given to a collection ofsubsets ofR. f"(f): =SAERR:A =f(B) for some Be G7

Then, fires is a r-algebralofsubsets ofIR) and f -(0121) =01f- (t))

Take 2: =[[-0, a):ac1R3 Thenf "(88 in) =a) Sf+(<-r,as):aG1R3) <M A

Similarly, we have Proposition:f: IR+* (i.e. is finite valued!) is measurable HBGR. f"(B)=M.

Proposition:Given f: IR-R. define fix/x) = <fix) if-r<fix) <r
D otherwise.

f is measurable =>* BeGRfIRIB) EM AND. [f =03 -MSf = -0 +M

Proof:"=> "follows immediately from the previous proposition.
= "Assume the RHS. HGER f"([-0,al) =If=-r3r fir(-0,ai) EM. is

Definition. If a statementis true for every x = A where AGM and m(AY =0.

then we say the statementistrue are. (or "true for a.e. x "( (a.e. ="almostevery
or "almosteverywhere's



(Assignment)
Proposition If f is measurable and g =f a.e.)g(x) =fix, for are. XEIR), then g is measurable

Cor If f is finite valued a.e., then f ismeasurable - Xa.bEIR. f(1a,b)) tM.

Proposition If f =a (i.e.fis constant), then is measurable. If f = AAfor

some A SIR. (i.e., f is the characteristic function ofAl, then f is measurable => AtM

Proof:Iff =c, then HaGIR fY(Fr,all =f is =M

IR ifax 1

If f =AA, then HacIR. f"IFr,all = S As if ocasi GM => AGM.

4 ifa=0
A

Proposition If I is a finite valued and continuous function on IR, then f is measurable

Proof:f: IR+IR is continuous => AGCIR open. f "IG) is open
=>a, bfIR f(ca,b)) is open and beace in M.A

In fact, iff:RR-IR is continuous, then HBG&1R, f"(B) RRR (i.e., f(80,m) =2,R)
and if fiIRTIR exists and is continuous, then XB=8m, fIB) GDIR



Proposition If f is measurable, then ACEIRof is measurable,
in particular, of is measurable). If I is measurable,

and XRAIN. f is measurable

Proof:Assume (-0. Otherwise, If =0 constantis measurable

HaGIR. (Cf1"(2-0,a1) =(f190,4)) ifcx0 =M

f( (9, +0]) ifaco

AacIR. If" (50,91) =94a,a) if
aso eM

ifa=0

Ya GR (f(9-0,a)) =(- "([0,a/m)) if
R is odd

I
I ifhis even and aso EU.

Ifbah, aii) ifhis even and a so A



Proposition If I is finite valued and measurable and 9: IR-IR is continuous

then gofis measurable.

Proof:HacIR. (gof1"(-r, ai) f"(gas) =M.

To see 11:HB =1. x=(gof1(B) <=> g(f(x) fB

=>f(x+g"(B)

1-x =f
+

(g-(i))

Nexttime:We will continue withproperties ofmeasurable functions
-

(in particular, sequence/sum/product... ofmeasurable functions)
and discuss approximation by simple functions


