
Sep 18 Lecture 7
The Cantor SetC: =x =Ensnf - fx = c = [a1) surfective

E

an e[a2] base-3 area binary
We will take a step further to extend the function of above tof:[0,13 - [0.1]

Definition The Cantor-Lebesque function is defined as

1x0.1), fix =st in ifx= C and x =Eang's for an ES0.27 Ans
sup[fly):yeC.ycx3 if x4C lifxeca,b) where (a,b) is removed in

(Devil's staircase( the construction ofC, then f(x) =f(al)

↳---------
·f(x) =0,f(x) =1, f ==m (5,5).f=rm(), f=Bo:

↳------------

a "
· f:[0.13- [0.13 is subjection

i i !
· f is non-decreasing (follows directly from definition)I

0
> f is continuous

Y %

Proofofcontinuity:(0.1))C is a countable union ofdisjointopen intervals, and fix constanton each.
=>fis continuous on [0,131C and one-sided continuous atend points ofeach interval



Next, given x=C. An?!IXn. Xn'e [0.13 Sit Xn<x-Xn' (unless x is worl

in which case only one-sided continuity is concerned) s.t. fixes - fixn)= In. -> Continuity

Q2:Is there A C IR. S1A *M?
atxfollows from monotonicity.

Yes. We will constructa non (Lebesque measurable setunder the following axiom:

Axiom ofChoice:If I is a collection ofnonempty sets. then there existsa function

S:2 - WA (called a selection function) sit. H AGI. SCALEA. (i.e., maps every set
AtI

in Ito an elementofthatset)
Construction ofthe non measurable set:

↑

Consider an equivalence relation on [0.1):a,be (0.1),"amb"ifand only ifa- be Q

(this is an equivalence since ana, arb>bra, amb and b-c->anc)Ea:=equivalence class of a

I = =collectionofall the equivaleme classes. By the axiom ofchoice, we can select

exactly one elementsa from Ea for each EacI. We call so the representative ofEa



Proposition SetN:=Ysa:Sa is the representative ofEa.Eac2]. Then, Nis non measurable.

Proof:We prove itby contradiction. Assume N is measurable. Let391:k=1) be an enumeration

ofall the elements in[-1,1314,and setNR: =N+Am (translation ofN by Gal

Observe that. IfR*1.thenNr.Ne =4. Assume otherwise: 7faql Sa,SpeN

Sit. fm+ Sa =fe +Sp =>Sa-SpER=> Sa and Spare in the same equivalence class
=>Sa =Sb =>Am =Fe. Contradiction.

Furthermore, ifXe[0.1], then x2 Sa for some saN:and heme X-SaeQ

Since IX-Salef-1,13, x=Sa+In for someb1. =>xeN for some k2!

We conclude that[0.1)=,NR Meanwhile, by default, iNR=(-1,23

Finally, ifN is measurable, then NR is measurable and miNp)=m(N) AR?!

Since N's are disjoint. E,m(Np1 =m(, Nn) e[1,33 (112013) -m(,Nr =l((-,23))
Butthis is notpossible (neither m(N) =0 or m(N)<0 would be possible). Contradiction.



The non measurable setN constructed above is known as a Vitali set

The following theorem says thatsuch non measurable sets are ubiquitous.

Theorem.For every AGM withmCA)<0, IBC Asit. B is non measurable.

Proof:Assume otherwise:IAEM with mIA) 20 and *B=A. BEM

Since A = Ex (Ar[n,m13), m(An[n,n+1)) >0 for some neX. => m(An[n,m) -n) > 0.

SetA= =An[n,mS -n. A=[0.1]. mIA'S >0. AB'CA! Btm = A. so BitnEM by hypothesis.

So, W.L..G., we can assume Ac[0.1]. MCA) 30 and HB=A. BEM. Na's are disjoint
Co.13Na
↓

H

Let N, 99R:k21]. [Nk:k213 be the same as above. SetAn=AnNR ARs1. Then. An's are disjointand A=Ar

By the assumption, AREMAR?1 => MCA) =2,m(AR? => m(AR) >0. for some R21. Fix this R.
Set h:=5121:qe+ qpef1,1]). Lis countably infinite. and [GetAm: 1EL7 is disjoint (Gn+1R=Fe' for a

unique l')

SinceE (4s+Am) -[-1,2]. m(qe+AR) =m)N (qe+An)) = 3 =>m(AM) = 0. Contradiction.
SEL



Q3:There exists A -M butA 4BR. We will find such a setamong the subsets ofthe Cantor set.

Letf:[0.13- [0.1) be the Cantor-Lebesque function defined as above.

Setgexs =f(x) + xfor xe(0.1) => g is continuous, and strictly increasing
=>g:[0.13 - [0.2) is a bijection (strictincreasing

->

injective
91=0,911=2. continuity

=>g+: [0,2] -[0.1) exists and is continuous
=>surjective

In other words, g:(0.13-5,2) is a homeomorphism, and hence of maps open sets to open sets

and closed sets to closed sets (recall thata function is continuous I inverse image ofan openspent
Furthermore. IfAc[0.1) and A GLR, then g(AI E20i directconsequence ofan assignmentproblemI g(8,n) =8(8/sopen sets))) =w 18/sopen setsil))
Theorem There existsA ?Cs.t. ACM butAGWR =o(Supersets]) =2,R

Proof:Consider GICI:the image ofthe Cantor setunder g. Since I is closed, gic is closed -> geseM.

Observe thatif(a,b) is an open intervalremoved during the construction ofC, i.e. if



(a,b) =[0.131C ([0.13 is a countable disjointunion ofsuch intervals (

then is constanton (a,b) and hence o maps (a,b) to an interval ofthe

length b-a (same length as (a,b1) =>m(g([0.1)()) =m((a1](C) =1.

Therefore, m(gecs) =m([0,2]) g([0.131)) =2-1 =1
Since m(g(CI) so, by the theorem related to R2, 7B = g(C) s.t.B*M

SetA: =g"(BC. Then, ACC and mIC) =0. So AGM and m(A) =0.

We claim thatA **RR. Assume otherwise. AcGR=> GIAIGDR.

However, g(A1 =g(g(B1) =B4 M. Contradiction.

We have finished "Chapter 1:Measure Theory". Will start"Integration Theory"
Next Lecture:Definition ofmeasurable function. Equivalentdefinitions ofmeasurability.
Properties ofmeasurable functions(in particular, properties ofsequence ofmeasurable functions (


