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Leckure 6

o Let ube o messure that & transletin bwedioat  0ad fode on Compact seh

Assuma (LoD} = ¢ elovo) Py fivte odditiviy oad  tranclatin dwariass
Vnze Wm=izom,  m(M BM3) =cc ad ulb,1)=¢¢
>V pqeB . e (B4 =(-plc By ontinury of u. we chiad thet
Vomkeval TR, D =ADc ad Vxer ulii) <o
In porticular, fivr eak 2t Vo, b cR ab. m((ab)olanl) = cm(labnbyn))
where ¢m Ts the measwe on (R ,o8r) given by cm (A)=c(m@)).
By the thestem obove, M = cm om BLan . Procesd similory o5 the  prevtoug proof,
e Aol pie Gy fox: xeAl
Progosition - m, has the scaling property that Y At NceR . cAAL ad MCcA) =lclmA)
In perficudor, wm has the reflection Symmetny Hat Y AeM, - Aeh ad mEA) =miA)




dst prook.  Prove the staxement ivectly by the defobion % m [ and m#)
Key ponts = Gien A<R. TTn:n2t) 5 an opea-Miterval cwe.n% of A i} andl oy
eI ma) is an spor-interyad mw.‘nj 4 A,
ad  AceIy =l AL) = mFicA) = [e|- mHA)

Noxt, gssume Ae . Ar%u et YBER  WB) = m*(BnlcAd)) T m* (B (cA))> cAel
Treat the Cases c=0 aad "c#o’ Cep .

24 provf.  Prove the Statemead Wa m rectricked on B (buk o necessary element wil be
Miroceced i the next Setion )

Fix ceR\DY Ue=o’ case i tivial ). Gmider a Set funchim Mc o Br s+
UB eRp. McB)=m(cB) = e is o measure on (R,Br)

It's clear that ¥ a,b elR. a<b. Wz
Meltabyalbanl) = lel f (b alnnd) =lcb- m ( (ab) n Enymd)
= Mc =letm on 53(4\),\] = A =lorm on Rp = Vb CRp MCeB) =|c|m(B)

However, we stk weed +o show  Me={clm on A We need +o better understond
e relation between Bg and M



815 Relofion between oRr and M

We howe proven that " % W e Y AeM wih mA) =0
PcA = BEM ard m(B) =0

Now we indmdue the mbion of aomyiz{ﬂm" W\.WW swhﬁa@\

Defintin: ~ Given o measure spea (X, F. s . omsider the collectin of subsen of X
No=3TRex 3 AcT wih wA) =0 s BEAT (all subsers of null sets )

Than, Femo(Fom)=c(frex: BeF o BeN)) is called the
Completion. «f T witk respect t M

Puposition 5 = [F€X: IEGET. st ECSF <6 and MG\E)=0]
Provg: Denete by § the ootlochon on the RAS abwve. Tt very thet
G o v-ogbrn of sbte f X Newt, s FEG ad N §
T=olTum) €G  Meanwhie, {or ary FC—g, IE6 €T s+



E<Fe g and u(B\E) =0. = F=EU (F\E) whee F\NEeN = FeTF
Thoefre . G T Wemabdawg:$
Debinion.  Given  measure spawe (X m), M can be axtended e T as
VFG%. $ESFeq ﬁwaeee{fw‘rtA/a(é\E)=0,+m/u.(F):=/atE)=/4(&)\
(erdy that s well-defoed on F, ic. § IE G ET o E'SFeG wmk M@E\E) =0 Hua
_ K st be et U(E) = UED = uiG) =pME) )
M F = led bs agan 0 meaSwe (%> F, ) & +he Completion of (X, T, M)
(X F ) 5 a Complete measwe spow in the Sense that Y ASX.
1 3BeT with uBy=0 st ASB  then AeT aud M) =0

Thesrew. (IR, AA, m) s +the Completivn of (R, B, m). Thats, VA€M IB C€lr
Si. BeAcc and M(C\B)=o,(51eﬂuksaqmma&muzm difere from o Bore set

Pronf:- By the tesuhs W) 1) fhom the mgu(an‘g thestem. of m. by at mat @l set)
W2, Jopensd Ga oad clwed Set Fao st FueAeGn and WG IS AR <7



St c=Nén. 8=0F Cho, B, C €lr ad BcA<eC

Mitesver, mMCANB) € m(A\Fo skt ond m(C\A) S m(G\A) €& W¥n2

2 me\b) = m(A\B) + m(c\A) €& W¥az. = m(c\R)Y=0 A

Now goivg bock +o the 2 proof of the propecction e ths escaling property oF -
We already kaow that . Y R, Vocodp, mceB) = lcl mB)  Then, it filaws immedichl
from the Hemem abwe that YeeR VA€ M . mccA)=lelm@)

&6 Sme speupl s

We wart to answer the fillrurig queshions: -

QL Is tre A€M with m(A) =0 but A is untourtsble ?

Q2. Is thee A SR that AE MU ? (K s, are they rare or aburdant *) Yoo o all

B3: Ts e Ac U but A& oBg ?



QU - There axdts A €A with M (A)=0 and A s urwurdable % y

A dasticol xomple 13 the Contor set o‘_b""""""‘Ht ¢,
C°=ED“JW C\z):o,‘%‘]l_) [, 11 o% % % %% % =
\
T Co=D LGSl 0% 310 01)
From cach segwart m{mmﬂul process .

Vo Ca is the union of 2" oQiSJ\siul' closed Wervals eall of which hay luj*‘-# od G ¥
The Contor set i = () Cn Then, w C is chsed . and hene CEQg

nN=y
@ ¥nt, mG)=2" 37 3 m)= hmmGo=o,
() C s wacoutoble (Wfod, C has the same MADMJ as [a))
To see (. own51dU+La bax -3 QAPMQIM of numbes m G0l Vxeloid 3 {ainn] € o L 23

L 'q T { o, 2
St. X = 01 o “/, M | SBM ua./lMA W'\MQA\;&M\M& {3 _L/'(l 0°) 2,-(l2 ,2-)

>~ 0,2,2,-) Rt 00~
K-> (.o,z,o‘---) ( 2 )

Thea, C =Jxels]: X adwits o bose-3 u?)msim (0,0, -0 -~) where An€ 392 ¥n2i]

Note thot the Set pnthe RHS does cmton value sud 68 5 %5 4 5 -



Defme § C—= DB, Vxe C assume the base -3 Lepansim of X 35 (a0, Gy ). ayefs2] Yn
-f(m=§% ? (that W5 mr\w tae 2s lo] 1s and twrn base-3 +o bage-2)
%SUN_M 'fu‘s Qa SW]‘edw‘M\ L' MG\}J] , 3 (b;, b;)“-) st bne ol W2
si, Yy= % \vv\—l‘? Uow\w‘j MPOAS\\&\ \)‘@tj)
= Y=g dr xeC vtk bose-3 tpamsm (b, 2k,2b,)
le, xfé @bn - 37
= C has (:wd;ho.lﬂv o Smaller than [60] 5o C i untountable.

(S C B, C s thae some cirdinaliny as [61)
Remork. One con simidorly construct Guator -Aiks tod under differect bases



