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Proof:Letus be a measure thatis translation invariantand finite on compactsets

of(*) Assume M(10.13) =c.e (0,0). By finite additivity and translation invariance.

An 21. Am=1,2, ... n, M)(m, 3) =ic and allo,3)
=m

=>H p.qG&. Pc9. M)(p,93) =17-p)c. By continuity ofM. we obtain that

A interval ICIR, M11)
=1(I).C.and *XAIR. M([x]) =0.

In particular, for each n21. It a,be1R, acb. M((a,b) r(-n,n3) =c.m((a,b)nfn,n))

where arm is the measure on CIR,WiR) given by cm(A) =c.(m(AL).

By the theorem above, M =com on 8 Fnn). Proceed similarly as in the previous proof,

we conclude that M = c'mon R.
ScX: xeAY

Proposition:on has the scaling property thatIAGM. AceIR. c."A-M and mCcAl=1sIm(Al

In particular, i has the reflection symmetrythatH AGM. - AGM and m)-A) =m(A)



1stproof:Prove the statementdirectly by the definition ofme and m4)

key points:Given ASIR. SIn:n21) is an openinterval covering ofA if and only if

ScIn:n=1) is an open-interval covering ofCA,

and 1(cIn) =(c. 1 (In)
.

=>m* (CA) =(c1.m*/A)

Next, assume A GM. Argue thatABCIR. m*(B) =m*(Br(cA))
+m* (Br(cAl" =cAEM

Treatthe cases "c=o" and "to" separately.
and proof:Prove the statementvia in restricted on BIR (buta necessary elementwill be

I

introduced in the next section)
Fix CERL50] ("c=0"case is trivial). Consider a setfunction Mc on 2 sit.

AB =8R. Mc(B) =m(cB). Mc is a measure on (IR,BIR)

It's clear thatI a, b EIR. acb. Hn21.

Mc((a,b> n(-n,n)) =(c)l((a,b)n(-n,n]) =(c)-m((a,b)n(-n,n])
=>Mc =1c1.m on 2 xn,ns =>Mc =(c1.m on IR =>HB CWR. MCCB) =(c)-m(B)
However, we still need toshow Mc=/c1.m onM. We need to better understand

the relation between DR and M



315. Relation between Dim and M

We have proven that"in is complete", i.e.. A AGM withmIA) =0

B =A =>BEM and m(B) =0

Now we introduce the motion of"completion"in the general setting.
Definition:Given a measure space (X, F,M), consider the collection ofsubsets ofX

IV = =5 BEX:7ACF withMA) =0 St. BCAY (all subsets ofnullsets (

Then, F. =0 ([UN) =r)[B =X:BEF or BENT) is called the

completion of5with respect toM.

Proposition I =9FEX:EE, GeF. St. E11 =G and MIGLE) =0

Proof:Denote by 8 the collection on the BHS above. First, verify that

&is a o-algebra ofsubsets ofX. Next, since I = G and IV=G.
E =r1FUN) = 8. Meanwhile, for any F = G, EE,GeF s.t.



E =I = G and M(GIE) =0. -> I =EW (IIE) where IIEGN. => I GE

Therefore. G->EWe conclude that G =I

Definition Given measure space (X, I,M), M can be extended the I as

A FeI. if E = F = G for some E, GeFwithMIGLE) =0, thenMIF): =M(E) =M(G).

cerify thatis well-defined on E, i.e. ifEEG'eF st. EEF =G' withMIGLE' =0, then
itmust be thatM(E) =MIE'

=

M(G) =M(G) (

M:5 - 10.r] is again a measure. (X. E, M) is the completion of(X,5,M)

IX, I,M) is a complete measure space in the sense thatI A =X.

IfIBEEwith MIB) =0 St. AsB. then AcE and MIA) =0.

Theorem IIR, M, m) is the completion of(IR,8,R, m). Thatis. A AGM, IBCEWR
St. BIACC and m(CB) =0. (Every Lebesque measurable setdiffers from a Borelset

by atmost a null set.Proof:By the results (1) (2) from the regularitytheorem ofm.
An21, Iopen setGn and closed setF. St. FrEA:Gn and mIGnLAl-n. miAlEn) -n.



Setc=Gr. B =EE,Fr.Clearly, B, C = BIR and BIA = C

Moreover, m(ALB) -> m(AlEn)- and miC(Al =mIGnIA)=iAn1I

=>miC(B) =m(ALB) +m(C(A) = kn21. => m(CB) =0 1

Now goingback tothe 2nd proofofthe proposition on the rescaling property ofm...

We already know that. 1: GIR. AB=&R, mScB) =(c.m(B). Then, itfollows immediately

from the theorem above thatHCEIR. HAGM. m<cAl =1c.m(A).

51.6. Some special sets.

We wantto answer the following questions...

Q. Is there AGM with m(A1=0 butAis uncountable?

02:Is there A CIR thatAKM? If so, are they rare or abundant?)
Yes to all.

Q3:Is there AGM butA & WIR? 3



Q1:There exists AGM with m(A) =0 and Ais uncountable
Aclassical example is the Cantor set
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from each segment... repeatthis process.

Kn2I. In is the union of2" dispintclosed intervals each ofwhich has length in. and Cat

The Cantor setis C:=nCm. Then, in C is closed, and here CEGR.
(2) An =1, m(C) =2".=>mCC) =Mmm)(n) =0.
13) C is uncountable (infact, Chas the same cardinalityas [0.13).

To see (3). consider the base-3 expansion ofnumbers in S0.13.:AxeC0.13, Efan:n21] e90.4,24'
S.t. x=Eanig' it,...... some values have twoexpansions,e.g."essen0 13 45

x =>(0,2,0..--)

Then, 2 =9x = C0,13:x admits a base-3 expansion (a,an, ... an, ...) where and50.23 Kn=17

Note thatthe setonthe RHS does contain values such as 5,5.9.



Define f:2- 20.13:1x=C. assume the base-3 expansion of X is (a,as, 9s,...). an =90,2] AnsI
fixi =Een (thatisreplace the IS by Is, and turn base-3 to base-2).

Observe thatis a subjection. 1y -(0.13, E(b,, b2, ...) sit. but 90,13 And I

sit.y =Ebsn (binary expansion ofy)
=>y =fix, for x=C with base-3 expansion (2b,262,263,)

i.e. x=E,Rbul
=>C has cardinality no smaller than [0.1), so C is uncountable.

(Since 2 =(0.13. C has the same cardinality as [0.17)

Remark:One can similarly constructCantor-like setunder differentbases.


