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18). IfA =Im where In's are almostdisjoint intervals (atmostsharing and points
then m*(A) =Ee(Jn)
Proof:W.L.0.G. assume (CJm)<r H kr1. Fix an arbitrary [30.

for each R21, choose open interval In <Im st. (1Jn)= l11m1 +4/24

For each integer N31. I... ... IN are disjointwith a positive distance from

one another. By 171 (inductiontoN times),

m*(,7n) =E,112n) =(TR) -E =E,l(ja) -
Since In GA, m*(Al =EelJn)-s ** m*(Al E, l13R)-s.
On the other hand. M*(A)-E115m) by (countable subadditioity) it.

Despite ofall the propertiesabove, itdoesn'tsupport"m*(ANB1 =mA(A) +m*B)"

for arbitrary disjointsets A, B.Consider restricting ittothe "good" sets.



Step 2:Define measurable sets

Definition AsetACIR ism* - measurable ofA B CIR

m*(B) =m* (B1A) +m*)BrA)

Otherwise,A is a non-measurable set.

Remark:By subadditivity, we know thatHA, B. EIR
m*(B) =m*(B1A) +m*(BeAY

So, m*-measurability ofAis aboutwhether or not"s" could occur.

Theorem (Carathiodary's Theorem) LetM: =S AGIR:A is m*-measurable)

Then, M is a 5-algebra (ofsubsets ofIR). Define m: M -[0,b)

by AAGM. m(A) =m*(A). Then, i is a measure on (IR,M)

m is called the Lebesque measure, and A-M is a Clebesque) measurable set.

Proof:It follows immediately from the definition ofit-measurability



thatIREM, and ifAtM. then AEM.

Next, we will show I is closed under finite union, i.e. ifA...An em.

then E, An EM. It's sufficientto treatthe case N=2.

Given A., Az GM. HBEIRm*(B) =m*(BrAi +m* (BeA
=m* (BrAi) +m*(BrA,nAzl +m*(BrA,A?)

4 I
subadditivity Union =Br(A,5Az) Br (A,Az)

*m+(Br(A,wAr)) +m*) Br(A.Ar)Y
Subadditivity implies the reverse iney. So, we have proven that

HB 1 IR. m*1B) =m*1Br(A,rA2)) +m*Br(A,rArs =>AUAztl

Now, consider a sequence [An: n=1)=M. We wanttoshow thatEAnEM.
W.L.O.G., we may assume An's are disjoint. (Otherwise, we replace [An:n23 by

SB:n=13 where B =A.. Bu= AnL,Ai for 22. Then, SB:n2=Il (since

we have shown M is closed under finite union and complement). Bu's are disjoint.



and E, Bn =E, An. So, it's equivalenttoshow E, ButM.)
For every n21. SetEn= =E.Ai. We already know thatEntrl HUII.

HB EIR. m*1B) =m*(BrEn)+mY(BrEn
1m*(BrEnl +m*(Bn),A:)

G because En=E, Ai
man An

=m*(BrEnMAnL +m*BrEnrAn +m*lBn (.E, Ail")
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Br An BMEn

=m*(BrAns +m*(BrEm) +m* (BrCE, AilY
~Am IAn

=m*(BrAn +m*(BrAm) +m*(BrEn-z) +m*Br (E,Ail
.

=Em*(Brai) +m* (Bn (, Ail

Since n is arbitrary. m*(B) < ,m*(BrAn) +m* (Be (nE,Ans

(countable subadd.) =m*(Br (n*, An)) +m* lBr IE,Anl

Thus, I. AnM. We have proven thatMis a o-algebra.



Now, we move onto proving m =m*/u is a measure. M14) =m*(4) =0 obviously.
Assume SAn:n=13 =M is a sequence ofdisjointmeasurable sets. First, by countable subadd.

ofmy

m(*,An) =m*(,An) =,m* (Ans =2,m(An

Second, by monotonicity ofmy,AM m(nE,An) =m*) E, An) Im* (EE, At) =mCE,Ai)
Since Ar... An all are disjoint, we can follow a similar argumentas above to prove

mx).E, A:) = 2m*(Ai), or equivalently. MCE, Ail = E,m(Ai)
Therefore. An<1. m),E, Ail I , m(Ail. a,m(Ail
We have proven m),Ai) =2,m(Ai) (courtable add.). -> m is a measure.

Proposition M and in are translation invariant, i.e. 16 ASM, XXGIR, A+x=M and m(A) =m(Ax).

Proof:Given ACM and X GIR. HBCIR. m4B) =m*(B -x) =m* ((B- x,nA) +m*((B-x) rA
translation invariance ofm =m*(Br(A+x)) +m*(Br(Axx)))

Therefore, A+X=M. Moreover, m(Al =m*(A) = m*(Ax) +m(A+x).



Theorem. Ha, be1R a<b.. (a,b)<M and m(la,b)) =b-a.

Importantcorollary:WRIM, i.e. all Bowel sets are Lebesque measurable


