
Aug. 28 Lecture 1.

· Discuss course outline course logistics, calendar etc.

Motivation ofLebesque integration:

ReviewofRieman integralregionit**a =xocx, .... Xn=b partitionin
(a.b]

Xi =xi - xi-1. i =1, --;n

Upper integral &fixidx= int[Exisf.*xi: a =xo2x, ...cxn =b)
->

limitas max (oxil -> 0

Lower integral Safxidx=Sup 9xisf.oxi:a=x.x, ... (xn =b

f is Rieman integrable ifJafixdx=fafixidx ==1 fixdX -> Riemana integral
off over (a,b)



Recall thatis Riemann integrable ofhis either of is continuous on [a,b];

siis or his monotonic on [a,b);(iii) or is bounded on Ca,b), continuous exceptat

possibly finitely many points.

However, many functions are NOTRiemand integrable

Example:f(x) on Ca,b) s.t. fix) =9! eec
Since both G and Qare dense on IR.

↓ a =xocx, c ...cXn =b i i=1, . . . . supf-1 and iff =0

[Xi,Xi] /Xi-, Xi]
=>1 =J,fixdx = 1,fix)dx =0 => f is NOT Riemann integrable.om [a,b].

We need toa more general notion of"integral"thatapplies tomore general functions.
X

Instead ofdividing the region now graph off

verConsider slicing it"horizontally"
yjt

Each slice corresponds toa subsetof(a,b]

Aj: =[x=[a,b):yj < f(x) =yj3



Then, the contribution ofthis slice tothe area is "approximately"
j. "measure ofAj"-

size

=>total area =Ey5t:"measure ofAj" (gist ofLebesque integral)

In order tocarry outsuch an idea, we need a more general notion

of"measure"for general sets (e.g. Asmay notbe interval, not

even union ofintervals (
This is the motivation ofrebesque measure

Chapter 1 Measures

For now whatwe have in mind is "measure on IR", butifpossible, we will
presentstatements in the general setting.
"Measure is a general and abstractconcept. IR/R" isjust a particular example of

measure space.
First, we need to identify the collection ofsets thatwe wantto"measure"



31.! 8-algebras

We can'tmeasure the size ofan arbitraryset. We need some restrictions for "measurable sets"

Definition:hexbe a space) i.e., a non-emptyset,e.g. X can be IR..IR", subsetofIR...)
I is a collection of subsets ofX. Iis called a r-algebra ("sigme-algebra"or r-field)
ofsubsets ofX. if
I XeE.
121 Asthem. A"**A *Ane I closed under taking complement
(3) <closed under taking countable union

Note!! The elements in I are SUBSETS ofX

e.g.ifX=IR, then I may contain IR, (a,b), Q. (-0, a). 9c3 (CER) *.
Definition oft-algebra

Ileads to

14) 4F because 4 =X' and X=Y)

151 i SAm:n=1) =5. then E, Ane F. I closed under countable intersection)

16) ifA..... Are I, then , AneI and E, AneI closed under finite union/intersection)
(7) ifA, B =F, then BLA,ALB, AOBEY (closed under taking difference

(BLA)"N (ALBL



Purpose of5-algebra: · collection of"measurable sets"is ao-algebra
· "measure"is defined on a 5-algebra

Examples ofF-algebras: · "smallest"94, X3, "largest"2x:= (all subsets ofX3

# · ifA =X, then 94, X, A, AY is a r-algebra

↑ ·ifA.B=X, AnB =4, then

94, X, A, A? B, BY ANB, ARBYY is a o-algebra.
The example above suggestthat:

a possible to compare 5-algebras:I. In two o-algebras ofsubsets ofX.

I is smaller than is ifF =E

a some 5-algebras can be generated by a collection ofsubsets ofX



Definition:Letto be a collection ofsubsets ofX.Then, the o-algebra generated

by to, denoted by wifel, is a o-algebra ofsubsets ofX s.t. 0 C =olf)

and & ifIis another o-algebra s.t. Go I.

them olt) = I.

Thatis, oles is the smallesto-algebra thatis a supersetofto

If I =r(2) then t is called an generator ofE.

Proposition 1. Given to a collectionofsubsets ofX, olt) =1 F
SI:F-algebra
S.t. GE}

2. If to is a o-algebra, then off)
=b.

3. Given to, for two collections ofsubsets ofX,

oft, 282, then off. Ioffer).


